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Unirnodul ar Property of Fundamen tol Cut-Set and Circuit Motri ces  

The unimodular propetty of the iunclamental cut-set and circuit matrices Q ,  and 
a, of s 1i:lear graph has been established earlier in Refs. 1, 2, 3. In t h i s  cotrespondence 
we give a new graph-theoretic proof of th is  property. 

Consider a conrlected g t m h  G a11d the fundan,e~ital cut-set rn~krix Qj of G with  
respect to u tree T, Let the branches of ?' be :r.!~otcd by b , ,  b , ,  . , . ; b , - ,  v:here v 
i s  the  number of vertices of G. Let row i of Q, correspond t o  the cut-set qi with respect 
to the branch bi of T.  

Consider the graph G% obtained from G after coalezcing the vertices of bi and 
removing all the self loops formed due to the coalescing. G: w i l l  c o l ~ t ~ i a  v - 1 vertices. 
Let the set of edges of G which form self loops when the vertices of bi are coalesced 
be denoted by $. Then i t  is obvious that .hi E S .  Also. b j  # S ,  j d i ,  since b j  and b< 
ere not i n  psra1lel in  G. L,et the subgraph of ~f consisting of the edges of IT - b , )  be 
denoted by T:. T %  consists of u - 2 edges, Further it contains no circuits since COG- 

.le>;cIng the vertices of 8::s branch of a tree does not produce any circuit corisisting of 
the remaining branches only. Hence T: i s  a tree of ~ f .  (Theorem 2-10 of Ref. 1.) 

Consider any cut-set q j ,  j f i of G. Let the  re rnovd  of tlie edses of qI from G 
partition the vertices of G into two seks Ai a d  a,. Since b ,  4 u j  for j f i ,  both the 
vertices of bi wil l  be either in  Ai or i n  B,. Bence the edges of oj do not form self 
loops, when the vertices of bi arc coalesced. Hence q j  G E:. Also q j  is a cut-set of 
GT si11ce coalescing the vertices of eny connected gragh does not affect i ts  con~lec t i -  
vity.  has t he  cut-sets g,, p , ,  . . . , Q , - ~ ,  Q ,,,, . . . , P , , ~  of G are also cut-sets 
for GI. Each o!le of these cut-sets contains one end only onebrulch  of ~,O'and they 
t o e e t h ~ r  include all the branches of T:. Hence these cut-sets form the set of funda- 
mental cut-sets of G," with respect to  T,". Let the corresponding cut-set matrix be ~ f .  
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' Let the subgtaph Qf-i obtained from Qf  after removing row i ,  be partitioned as 

QI-r = [ Q ; + ~ I  XI h e r e  the columns of correspond to the edges i n  ~ f .  Since the 
cut-sets of G corresponding to t he  rowsof are the SWTE as those of G: correspond- 
irrg to the rows of of, we can conclude t h d  - 

~ u r t h e r , '  no column in QLi is zero since Q: covers the g r e ~ h  G:. The edge c o r r e s ~ o n d -  
ing to any column in X is not presebt in any af the ct~t-sets q , ,  g,. . , , , Q ,-,, g,,,, . , . 
qv_ l  . Hencz each column in X is zero. T h u s  X = 0. Hence the  zero colurnns in Qrmi 

are in one-to-one correspondence with the edzes which fo rm self loops when the  vertices 
of bi ere coalesced. Hence i n  view of equd ion  (1) the inatrix Q ; - ~  obtained froin Q ,  

after (i) removing row i ,  and (ii) removing restiltant zero co lumns ,  is a fundamental 
cut-set matrix of a cun~ected graph. 

The above arguinents can be continued to show that the matrix Q ; - ~ - ~ , - ~ . , ,  obtained 
after removing rows i ,  j .  k. , . pf Q j  and also removing the resultant zero colurntls is a 
fundame9tal cut-set matrix of a connected paph. 
Theorem : Q, and B f  are unimodular. 
P ~ o u ] :  Let Qf  be the fundarnentzl cut-set matrix ok a graph G with respect to a t r e e  T 
and Iet A be  a reduced incidsnce matrix of G. Let A and Qt be partitioned as 

where the colunins of u and  A ,  correspond to  tfia branches of  T. 
S i x e  any 10:v in  n ccPset matrix can be expressed as a  line^ combinatinn of the 

rows of A ,  Q, can be written as 

It then  follows f r om (21, (3) and (4) that  

Since A is unirnodular , AT ~ i i d  hence A = D are unirn~dulz~.  Consider any now 
singular submatrix Q,, of Q, and of order v - 1. Let the correspoflding submattix of A 
be denoted by A,,. Then we have 

Since D and AIL are both unimodulat 

det [ Q , , ]  = + l  or -I 

Thus any (71 - l ) x ( o  - I) norl-singulg ssubmat~ix of Qf has a determinant equal to I or -1. 



C o ~ l s i d e r  any noc-sicgulot ( k  x k )  subrndrix Q~ of Q,, Let Q" be formed from the 
f i r s t  k rows o f  Q,. since Q~ is n o n - s i n g u l ~ ,  rlo column of pk is zero. H ~ ~ c B  Q~ is a. 

i 

submatrix Of Q;-(k+ l l - (k-2) .  . .[v-1) ' But Q;-{k+ I > - - ( k t 2 ) .  . . ( v - l )  is a fundornent d 

cut-set matrix of a connected gragli with (k c 1) vertices. Hence In view of  the earlier 
k wgurnents, Q has a determinant eaual to 1 or -1. 

Thus every non-singular submatrix of Q, has a determinant equal to I or -1. h'ence 
Q, is unimodular. 

'Since Qf .is unimadulat. Qfc snd hence Q: are also unimodular. But B,. the fun- 
damental circuit matrix of G with respect to T is given by 

I Since any matrix [ E  ( a] is unirnodnlar if E is unimodular, we conclude t h a t  B ,  is a!so I 
unirnodular. Thus the fundamental out-set and circuit matrices of a graph are unimodular. 1 
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