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Unimodular Property of Fundamental Cut-Set and Circuit Motrices

The unimodular property of the fundamental cut-set and circuit matrices Q’ end
B, of & linear graph has been established earlier in Refs. 1, 2, 3. In this cotrespondence

we give a new graph-theotetic proof of this property.
Consider g comected gravh ¢ and Lthe fundamental cul-set mairix Q, of G with

respect to a tree 7. Lel the branches of T be denoted by &8, by, .. -, b, _; where v
is the number of verlices of G. Let row i of Q, cotrespond ta the cut-set g, with respect
to the branch b, of T,

Consider the graph Gf obtained from ¢ after coalescing the vertices of b‘_ and
removing sll the self loops formed due to the coalescing. Gf wiil contzin p -1 vertices,
Let the sel of edpes of G which form self loops when the vertices of b, are coalesced
be denoted by §. Then it is obvious that b, € S. Also, b; ¢ 5, # i, since b, and b,
are not in paraliel in G. Let the subgraph of G;’ consisting of the edges of (T - b,)be
denoted by Tf . Tf consists of p-2 edges. Further it confains no circuits since eos-
lescing the vertices of any branch of & tree does not produce any circuit consisiing of
the temaining branches only. Hence T is a tree of G;. (Theorem 2,15 of Ref, 1.)

Consider any cut-set 4 i 9! i of G. Let the removal of the edges of q; from G
partition the vertices of G into two sets A, and B,. Since b; ¢ g, for } # i, both the
vertices of b; will be either in 4, or in B,. Hence the edges of g; do not form self
lgops, when the vertices of b, are coalesced. Hence a; < Gf. Alse q; is a cut-setl of
G:’ since coalescing the vertices of any connecied graph does not affect its connecti-
vity. Thus the cut-sets ¢y, @o, - - -, Ty qs Tyays v - -« Loy OF G aTe also cut-sels
for Gf. Ezch one of these cot-sets confains one and only onebranch of T".’ and they
together include all the branches of Tf. Heace these cut-sets form the set of funda-
mental cut-sets of G? with respect to T:.". Let the corresponding cut-set matrix be Q;’.
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"Let the subgtaph Qf_i ohtained from Qf aftec removing row {, be partitioned as
Q. = [Q;‘ilx} where the columns of Q7 ; correspond to the edges in G;. Since the
cut-sets of G corresponding to the rowsof Qf-i are the spme as those of Gf cornespond-
ing to the rows of Qf. we can conclude that

ri = (1)

Further, no columa in Q;-s. is zero since @ covers the greph GJ. The edge correspond-
ing to any column in X is not present in any af the cut-sets q,, ¢,. ..., ¢ 4, Uipgo v s
¢,. - Hence each column in X is zeco. Thus X = 0. Hence the zero columns in Qs
ate in one-to-one correspondence with the sdzes which form self loops when the vertices
of b, are coalesced. Hence ig view of equetion (1) the matrix Q;’,i obtained fram Q,
after (i) removing row £, and (ii) removing resultant zero columns, is a fundamental

cut-set mubrix of a connected graph.
The above arguments canr be continued to show that the matrix Q;',,._j,_k_” obtainad

after removing tows i,§. k... of Q! and also removing the resultant zero columns is a

fundamental cut-set matrix of a connedted graph.

Theorem: Q, and B, are unimodular, ]

Proof: Let Qr be the fundamental cut-set matrix of a graph G with respect to. a tree 7
and let 4 be a reduced incidence matrix of G. Let 4 and Q, be pertitioned as

[« | q,.] e
(a, | 4c) (3)

-

Q,

on

and A

where the columns of » and 4, correspound to the branches of T.
Since any row in a cvb-zet matrix can be expressed as a linear combination of the
rows of 4, Q, can be written as

Qf = DA (4)
It then follows from {2), (3} and {4} that
D =Ap : (5)

Since 4 is unimedular®, 4 and hence A; = P are unimodular, Consider any non-
singular submatrix @y, of @, and of erder - 1. Let the corresponding submatrix of A
be denoted by 4,,. Then we have

Gy 7 DAy
since D and A4,, are both unimodalar

det [Qn] = +1 or -1

Thus any (v - 1} (z - 1} non-gingular submatsix of Q, has & deferminant equal to 1 or -1.
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Consider any non- 51r,bular (k x k) submalrix Q% of Q,. Let Q% ve formed from the
first k rows of Q Since Q¥ is non-singular, no column of G* is zero. Hence Q*is a
L3 o
submatrix of Q;-(mn*w-z). om0 BU R Gy rny, , qo-ny 15 2 fundamental
cut-sel malrix of a connected grapli with (& + 1} vertices, Hence In viewof the earlier
~ arguments, Q¥ has a geterminant equal to § or -1,

Thus every non—smgular submatrix of Q, has a determinant equal to 1 or 1. Hence
Q! is unimodular.

since Q, is unimodular, Qe and hence Q, are also unimodular. But B, the fun-
damental circuit matrix of G with respect to T is given by

[-0,f | «]

Bince any matrix [E 1 %] is unimodular if E is unimodular, we conclude that By is also
unimodular. Thus the fundamental cut-set and circuit matrices of a graph are unimodular,
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