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OF RRTIONAL VOLTXE TRANSFER MATRICES USING 

MINXMUM N W E R  OF CAPACITORS W I T H  OPERATIONAL, APIPLIFIEPS 

K. Thulasiraman and K .  Sanltnra Rao 

' %  *stract --- 

A simple and novel  method of synthesizing any arbitrary nxn voltage transfer matrix T ( s l  
of real rational functions of t h e  cmplex frequency variable s, usinq the techniques o f  
reactance ext rac t ion  i s  qiven. The unique feature a€ the method i s  t h a t  of utilization 
of minimum nmber o f  capacitors, p, equal to t h e  degree of t h e  transfer matrix (using at 
most 2(n+p) operat~onal amplifiers) w i t h  a l l  the capacitors grounded. 

Even though much progress has been made ir. developing 
synthesis techniques to realize any arbitrary nxn 
lnatrix 'l ( s l  of real rational functions of the complex 
f requency variable s, as the short  c i r c u i t  a d m i t t a n c e  
matrix of a n-port a c t i v e  RC network s t a r t i n g  from 
Sandberg 111, I21 to Mann and P i k e  16) and recently by 
Melvin and B i c k a r t  [ 7 ] ,  l i t t l e  work h a s  been done in 
developing systematic s y n t h e s i s  techniques to real ize  
an arbi trary  voltage transfer matrlx barring a few to 
men-on like that  of H l l b e m a n  (51 and ~ i m  and Su [ E l ) ,  

All the above conflguraticns, except those of H a m  and 
Pike's (61 and Melvin and Bickart's [ 7 1 ,  I l l ] ,  either 
to realize Y l s )  or T ( s l  use a larger number of capac- 
i tors ( w i t h  possibly sane o f  them floating) than the 
rnlnimurn number required, uhich i s  equal to the degree 
191 p of the  glven m a t r i x ,  w i t h  minimum number of act- 
Lve dev ice s .  B u t  vith the advent of integrated tech- 
nology, lt has become necessary to us= minimum n e e r  
o f  capacitcrs .  vith one e d  grounded. even at t h e  cost 
of active d e v i c e s ,  to rnde the network perfomance re- 
liable. Mann and P i k e ,  bearinq this i n  mrnd, using 
the techniques of reactance ext rac t ion  shoved that any 
arbi trary  matrix Y ( s )  can be realrzed as the s h o r t  
c i r c u i t  a h l t t a n c e  of an n-port active IK network, 
vith an Increase In the number of controlled sources. 
Recently Melv in  and B i c k a r t  171 have elaborated on 
this and g iven  a structure t o  realize Y ( s )  . 
The r e s u l t s  or' Mann b Pike I61 and Melvin  and Bickarr 
I71 suggest that a realization of T ( s 1  r l t h  minimum 
number of capacitors may be possible, u r t h  an increase 
i n  t'le number of amplif iers  and i t  has been proved 
here t h a t  i t  1s always possible usinq at most 2(n+p) 
operarional amplifiers. The same configuration pro- 
posed by Melrln and B i c k a r t  I71 for the subnetwork of 
capacltors la taken ,  thus  r e t a l n l f l g  the advantages of 
t h a t  rnethorl name ly  a l l  the capacltors are grounded. 
Also a l l  t h e  2n-ports have t h e  ground a5 a ccmmon ter- 
rnlnal. 

The haln resu l t s  established in the paper can be qiven 
ds a theorem as f o l l w s :  

Any r,xn matrix T [ s !  of rea l  r a t i s n a l  f unc t i ons  of the 
complex frequency variable s c a n  be r e a l l z e d  as t h e  
vo l tage  transfer  m a t r l x  of a Z n - p o r t  a c t i v c  RC network 

Note: If ~ ( s )  is a rim lor mxn) matrix the  number of t ; 
operational amplifiers required w i l l  be a m o s t  n+m+zp.  1 

As a p r w f  for the  above theorem w e  present  a step-by-  
step realization procedure for T ( s > .  We can t a k e  T ( s )  
to be a nxn matrix ui thout  any loss i n  generality. 'he ; 
same procedure being val ld  f o r  rectangular transfer 
matrices .  

First Let US assume T ( s )  is regular at i n f l n l t y  and 
consider the network black diagram g iven  in F i g u r e  1. 
If we denote the n vectors of input  and output volta.;es 
as el and e3, respect ively,  and e 2 ,  a p-state v e c t o r ,  

application of Ho-Xalman algorithm 1101 y i e l d s  the F ,  
G, H 6 J real constant matrices o f  a set of s t a t e  equa- : 

t i o n s .  

Hhere 
e2 - ~ . i  + G-e 

1 
e - H.6 + J.e 

3 2 1 
w i t h  ~ ( s )  = J + H I S I - ~ 1 - l ~  

We can i d e n t i f y  e2 as the  voltaqe vector of c a p a c i t o r  

subnetwork FI . Then this establishes that p-cagac~tor5 

are necessary and sufficient I n  any p o s s i b l e  r e a l l l a -  
t i on  of T(sl . The relationship imposed by N 5n e ,  a d  
i 2  is 

C 

il = -ci! ( 4  l 2 
where C i s  a pxp matrut w ~ t h  p o s i t i v e  diagonal entries 

only  for our chosen conf iguratlon. 

The subnetwork NR is assumed to be of the fcrm shown ;r: 

Figure 2 ,  where NR is a 4n+3p+l port <orrunon t c rmlna l  

r e s ~ s t i v c  network .  1 t s  current voltage r e l a  t ~ o n s h i ;  
b e ~ n q  

c ~ ~ n t a i r r i n q  ttr,: theoretical mivimun number  of capacl- 
tor5 1, required, vhcre  p is ti;? degree of T(s) . and a t  
m o s r .  Z ( n + p l  c > p ~ r a t ~ o i ~ . l l .  ,1:opll i1e!-5.  A l l  t::e ~ 3 1 1 3 ~ 1 -  

Cur-s .I,>?. t !~? In-1.0: r *. v l  11 havc the qrorln<j a?: 3 f'cnmuri 
t , ~ r m i n a l  . 



where i t i  ' 3a14.17,elle31eq ' and e, are n vectors, i2,i5, 

1 , e , e and e6 are p vectors and t h e  g ' s  sub matrices,  
6 2 5  

with primes denoting transposition. G ,  being the  short  
c i r c u i t  admittance m a t r i x  of c m o n  ground resistive 
network. h a s  to b e  hyperdomlnant. 

The introduction of a c t i v e  devices  as shown in Flgure 2 
Imposes the following c o n s t r a i n t s .  
e =i =O. e6=B1Ale2,  e5=Ale2, e =-c 

7 7 4 1 [ 61 

A = did ( a l , a  2 , . . . .  a 1 a . + 1 or = 0 f o r  a l l  i. 
1 P 1- 

BL = dia (bl.b2,. .. .S ) b c 0 for a l l  i. 
F 1- 

F r m  ( 41  and ( 6 ) ,  i7=0 leads to (assuming g7?=0) t h e  
expression 

md since i2 = -c; ue g e t  ( w i t h  g Z j  = 0 )  
2 

Thus t h e  problm of r e a l i z a t i o n  of T(s) has been re- 
duced to that of identifying various terms of g-sub 
matrices of MR f ror;. (1) , ( 7 )  and ( 8 )  subject to t h e  

condit ion t h a t  G is hyperdominant. ( 1 1 ,  ( 7 )  and ( 8 )  
lead to 

Now w e  g i v e  a step-by-step procedure to identify var- 
ious terms. 

Step 1: From ( 9 )  L V ,  assuming s u i t a b l e  va lue  for C find 
921 and q Z 4  such that they are sub matrices w i t h  non- 

~ o s i  tve e n t r i e s .  

Step 2 :  Since q,, and g,, are f i xed ,  each diagonal 

entry i n  the sub matrix g22  should be such that i t  i s  

much greater than the  modulus of sum of elements in the  
corresponding rows of  gZ1 and g 2 q -  Thus we can assume 

q Z 2  to be a matrix of p o s i t i v e  diagonal e n t r i e s  only, 

subject to the above condition. 

step 3: Then 19) iii yields 

-CF-qz2 = g A + g  B A - P+M where P contains all non- 
25 1 26 1 1 

negat ive  elements and M contains all non-positive ele- 
ments. Hence, we get  

S u i t a b l e  values for Bl and A1 are assumed and q 
2 5  

g26 are found .  

4 :  from ( 7 )  i a n d  i i  other tcrms arc found by 
su l tab le  a s s i g n m e n t .  

Ftep 5 :  Having found o u t  the terms t h a t  have come i n t o  
~ i c t u r e ,  w e  can cmple te  the remain ing  entires i n  the  G 
matrrx arbitrarily taking care to see t h a t  i t  is hyper- 
dominant. 

The above mentioned s t e p s  demonstrate c lear ly  that a 
decomposition is always possible, hence the v a l i d i t y  of 
the  theorem. 

Example; 

L e t  us take the example g i v e n  by Melvin and Bickart for 
Y (s) and r e a l i z e  it as a voltage transfer  m a t r i x  of a 
2n-port network. 

A set of (F,G,H,J) matrices of S t a t e  ~quations are 

L e t  us assume 

-1 0 
C =  [I '1 a n d g  = L o  -11 

0 1 7 3 

Then from (9) iv we get 

10 0 
Let us fix g2* - I 
( 9 )  iii then gives 

Hence we can t a k e  

NOW ( 9 )  ii g ives  

and (9 )  i g ives  

N o w  we can cmplete the G matrix,  t a k i n g  care tc see 
that it is hyperdaninant. The G matrix arrived at 
being - 
1 0 - 1  0  0 0 0 0 0 0 0 0 0  0 
0 2  0 - 1  0 0 0 0 0 0 0 0 0  0 

-1 0 10 0 0 0 0  0 -3 0 0 0  0 0 
0 - 1  0 1 0 0  0 0  0 0 -3 0 0 0  0 
0 0 0 0 1 0 0 0 0  0 0 0 - 1  0 
0 0 0 0 0 1 0 0 0  0 0 0  0 -1 
0 0 0 0 0 0 3 0 0  0  0 0 -2 -1 
0 0 0 0 0 0 0 3 0  0 0 0 -1 - 2  
0 0 - 3  0 0 0 0  0 4 0 0 0 -1/3 -1,' 
0 0  0 - 3  0 0 0 0 0 5 0 0 -1/3 -1. 
0 0 0 0 0 0 0 0 0  0 0 0 0  0 
0 0 0 0 0 0 0 0 0  0 0 0  0 0 
0 0 0 0 -1 0 -2 -1 -1/3 -1/300 5 0 1 0 0 0  0 0 -1 -1 -2 -116 -1 0 0 0 6 

L 

Having found the G matrix of N the  network can easily 
be constructed. 

R 

s: The number of operational amplifiers used is 6 ,  
lass than 2 ( n + p )  s ince  w e  have got one matrix  B 1 to be 
zero. 



We have grven a b v e  a systematic s y n t h e s i s  procedure 
for rcal~zing any arbitrary voltage transfer matrix of 
real rational funct ions  of the oomplex frequency vari- 
able 3. The unique features of t h e  method are;  

l i )  a l l  the capacitances are grounded, an attractive 
t h ~ n q  from tht p o i n t  of view of integrated cir- 
c u i  t real izat ion.  and 

(ii) a l l  th e  pcrb have one terminal as the common 
ground. Even though the reduction of number o f  
capacitors is effected by an increase  i n  the nun- 
her oC ac t lve  d e v ~ c e s ,  t h i s  s o l u t i o n  w i l l  be 
attractive for realizing matrices of higher order 
and lower degree.  

When compared to su's 161 method of rea l i z ing  voltage 
transfer matr;cea, chis method utilizes the  m i n i m u m  
nmnbar  of capac l tors .  a l l  beirq grourded, w i t h  a slight 
increase  i n  the  umber of resistors used, a t  the cost  
of active devices. With the  advent of integrated cir- 
cuits, i t  i s  rather welcome to reduce the number of 
passive elements even if it results i n  an increase ln 
the number of active devices. A l s o  when the  transfer  
voltage matrlx i s  rectangular one ( t u r n ) ,  the methwi 
presented here requires a maximum of rn+n+2p a c t i v e  de-  
vices whereas Su's 16) xethod requires 2n or 2m a c t i v e  
devices whichever i s  greater .  This means t h a t  the 
methcd nay be i l t l l i z i c g  a few number of actirve devices 
tinan S u ' s  method when used to realize a rectangular 
transfer matrix w i t h  the degree much lwer tnan t h c  or- 
der of t h e  rnatrlx i n  addition to t h e  f a c t  t h a t  the num- 

ber of capacitors usrd are m i n i m u m .  The saving i n  t h e  
number of active devices may be still more when s m o  
entries  in A I or B 1  becomes zero, as i n  the example 
g i v e n .  
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Fig1  Network BlockO~agram 

Ftq 2 Subnetwork NR 


