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Abstract 

In this paper we consider  the  synthesis of certain classes of multi- 
variable networks. 

1. INTRODUCTION 

In t h i s  paper we consider the following 
aspects of the problem of synthesis of 
multivariable networks: 

(1) A g r a p h - t h e o r e t i c  approach for the  
synthes i s  of driving-point functions 
of multivariable networks. 

( 2 )  Synthesis of a class of multivaria- 
ble n-port networks. 

We note that Y i s  a positive real f u n c t i o n  
o f  the variables pi ' s. 

Let Ns denote the network obtained after 
short-c ircuit ing t h e  edge el in N. Then 
a 2-tree T of N is a l s o  a tree of Ns. 

21,2 
Since no tree of N will contain the edge 
el the variable plSwill not be present 
W1,2 ( Y )  . 

2 .  A GRAPH-THEORETIC APPROACH FOR THE Each term in V ( Y )  corresponds to a tree in 
SYNTHESIS OF MULTIVARIABLE NETWORKS G a d  Can be written as 

tn this sect ion we g ive  a graph-theoretic 
~pproach fo r  t h e  synthesis of driving- 
t a i n t  functions of a class of multivariable 
letworks .  

zonsider a network N. L e t  G be the linear 
graph of N, L e t  there be n edges in N. 
Let the admittance of edge e . be equal to 
5 . p  . . We assume that p . ' s  a&e d i s t i n c t  
AtJ  there be an edge inJm connecting ver- 
t i c e s  1 and 2, where t h e  vertices 1 and 2 
form the input-terminal-pair. Without any 
loss o f  general i ty  we may denote thie edge 
3y e . We further assume that there are 
?o pHrallel edges in n. 

where v is the number of vertices in N and 

The tree corresponding to this t e r m  w i l l  
consist  of the edges e 

il' ei2' * . -  eiv-l ' 
Each term in W (Y) corresponds to a 2- 
tree o f  N and Ed5 be written as 

v- 2 
rhe dr iv ing-point  admittance Y of N across 
che terminal-pair (1,2) is given by [ l l .  Ki 1  i 2 4 4 ' i v - 2  j=l  1 pi 

j 
V {Y) (1) The 2-tree corresponding to this t e r m  will 

Y = ~  consist of the edges ei , 
]here 1 ei2y "' = A  l v -2  ' 

V (Y) = 1 tree-admittance products we wish  to obtain the graph G of the net- 
(a1  1 trees ) work N rea l i z ing  Y and also the constants 

.nd K.'s associated w i t h  the edges of G. TO- 
d r d s  t h i a  end we proceed as follows. 

1 , 2  
( Y )  = admittance products of 2-trees 

T2 1,2. Consider any t e r m  in V (Y)  . L e t  the  tree T 
corresponding to this term consist of the 
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edges ei ,e ,. . .e . L e t  C f b e  the 
1 i2 iv-1 

fundamental c u t s e t  matrix of  G with respect 
to T. L e t  the e n t r y  of C at t h e  intar- 
section of t h e  r o w  and cofumn correspond- 
ing to the edges ei and e .  be denoted by 

=iia I 

Consider any chord ex. We wish to deter- 
ming C .  l i x A  
If the& exists a term i n  V(Y) 
t h e  tree Tx corresponding to 

I T  - ei , )  U e x  
3 

then Ci,, = 1, otherwise Ci., = 0. T h i s  

resu l t  3s a consequence o f  ?hc fact that 
CiZx = I i f f t h e  fundamental circuit corres- 

poAding to the chord ex contains the 
branch e, of T. Thus, in this way all 

L. 

t h e  c o l d s  of C corresponding to the 
chords o f  T can de determined. ~t is well 
known that the submatrix of C formed by 
t h e  columns corresponding to Ehe chords of 
T is:unit matrix. Thus following t h i s  
procedure, the fundamental cutset matrix 
Cf of the graph G o f  t h e  network N reali- 
zing Y can be determined;dsing Cf, the 
graph G can be constructed. The t e rmina l s  
of edge el can be identified as t h e  i n p u t -  
terminals of the  r e q u i r e d  n e t w o r k  N. 

It now remains to determine the constants 
K.'s associated w i t h  the edges of G. Ta 
d h t e r m i n e  these constants w e  proceed as 
follows. 

We note  t h a t  in any non-degenerate  ne twork  
for every edge e . , there e x i s t s  a pa th  
between the i n p u g  terminals containing e . . 
In v i e w  of this, we can conclude that fo? 
every edge e .  t h e r e  exists a tree 

1, 
T = e U e ?..ei,... U ei such that il i2 

I v-1 & 
(T - e is a 2-tree. The term Ka o f  

1, 
V ( Y )  cotresponding to T is given  by 

we get 

K: - q - Ki Pi. 
j J 

Thus the c o n s t a n t  Ki associated w i t h  t h e  

edge ei, can be detehined as described 

above. I ~ h u s  all the constants X i a s  can be 
determined. 

This completes our discussion o f  the procc- 
dure to follow i n  r e a l i z i n g  Y. 

we summarize our discussions as follows: 

i) a) Consider any term i n  V I Y ) .  L e t  t h e  
tree T corresponding to t h i s  term consisc 
of t h e  edges ei ,e . . . e  i2 i . L e t  ex $T. 
Then v- l 

Ci , x  = 1 if there e x i s t s  a tree Tx 

such that' 

Tx = (T - e. U ex. 
1 

j 
b )  T h e  submatrix of Cf formed by the col- 

umns corresponding to t h e  branches of T is 
a u n i t  matrix.  

Thus t h e  fundamental c u t s e t  mat r ix  C f  of G 
can be determined. 

ii) Consider any term i n  V (Y) corresponding 
to a tree T. L e t  this be equal to K:. Let 
e, $ T. 

L e t  (T - e ) be a 2-tree. L e t  the t e r m  in 
W ( Y )  cogresponding to t h i s  2-tree be Kz. 
1,2 

K: Then = Kxpx. T h u s  all the constants 
% 

K i 1 9  can be determined. 

W2 no te  t h a t  to determine graph G 311 the 
terms in V (Y) will n o t  be required. Hence 
one has to check, a f t e r  o b t a i n i n g  G, whe-  
ther all the trees and 2-trees T2 o f  G 

are represented in V (Y) and W 1 4 1 ~  
r e s p e c t i v e l y .  1 , 2  

v- l 
K p K .  . Pi. E x t e n s i o n  of the above procedure to synthe- 

I ~ L ~ . . . ~ ~ - ~  j=l 3 s i z e  driving-point impedance f u n c t i o n s  is 
straightforward. 

and t h e  t e r m  of W ( Y )  corresponding to 
(T - e. is giveA,8y 

1 
F u r t h e r ,  i f  the admittances of some of t h e  

j v- l elements of N a r e  known to be of t h e  f o r m  
-- 

K; = izi I 2...ij-lij+l...i mi Ki 
v-1 k = l  k - t h e n  synthesls should be carried o u t  

k# j Pi 
S i n c e  V- 1 using a m o d i f i e d  f u n c t i o n  Y1whlch is obtain- 

K .  . = II K i ,  ed from Y by making  t h e  subst i t l~ t lon  p. = 
1112...iv-1 z 1 

j=l 7 
and q *  

v- 1 

3 .  SYYJTIIESXS OF A CLASS OF MULTIVARIABLE 
n-PORT NETWORKS 



In this section, we give a simple suffi- 
c l e n t  condition fo r  the synthesis of a 
class of multivariable n-por t  networks,  

Consider an n-port network N. Let the en- 
tries of Y, the s h o r t - c i r c u i t  admittance 
mat r ix  of N be f u n c t i o n s  of t h e  m-variables 
p , i = 1,. . . , L e t  Y be decomposable 
a&- follows 

Procedures are  available to obta in  such a 
decomposition if one exists (21.  

We note t h a t  each K. is a real syrnmetrix 
matrix. L e t  K. be Beallzable as t h e  short- 
c i r c u i t  conduckance matrix of an n-port 
network N*, L e t  Nt c o n t a i n  no negative 
conductan&es. 1 

ki Pi 
The network Ni realizing p_  + a: 'i can be 
ob ta ined  from N *  by replacfng eich conduc- 
tance g of Ni b3 a series combination of 

ki g Pi 
an admittance and a conductance 
ki% i 

the entry of C f  at the  intersection of the 
row and column corresponding to the edges 
e 2  and e3 respect ive ly ,  i s  equal to 1. 
Slnce  there is a term in V I Y )  cor responding  
to (T - e 5 )  U e = (e2,e3!el) C53 = 1, 
B u t  there e x i s t 2  no term I n  V (Y] correspond- 
ing to (T - e ) U e 3  = 1 (e2 l e 5 , e 3 )  . Hence 
C = 0. The graph  G can be constructed. 
T@ terminals of edge el, form the input- 
terminal-pair since the variable p is not 
present in Wl, ( Y )  . 1 

We have to determine the cons tan t  KilS. 

cons ider  e . For the  tree T = ( e  ,el:af! 
there ex i sea  a 2-tree (T - ej) = 3e2r 
In this case 

and Kt = 4p p 2 4 

Hence K 3  = 1. 

If a l l  the ne tworks  a) have the s a m e  mod$,- constants Ki's can be determined 

f i e d  cutset matrix, d e n  the p a r a l l e l  corn- and are given 
b i n a t i o n  of all Ni's will r e a l i z e  the mat- K 1 = l  K 3 = I  Kg = 1 rix Y, 

K 2 = 2  K q = 2  
We now illustrate t he  results  by two exam- 
ples. The network N r e a l i z i n g  Y is shown in Fig. 

1. 
Example I. It is required to realize t h e  
function Y given b e l o w  as t h e  dr iv ing  point Example 2 .  ~t i s  required to realize the 
admittance of a $-variable network. matrix  Y given below as t h e  short-circuit 

admittance matrix of a multivariable net -  
Y = ~ P ~ P ~ P ~ + ~ P ~ P ~ P ~ + ~ P ~ P ~ P ~ + P ~ P ~ P ~  

+ ~ P ~ P ~ P ~ + ~ P ~ P ~ P ~ + ~ P ~ P ~ P ~ + ~ P ~ P ~ P ~  

~ P ~ P ~ + ~ P ~ P ~ +  2 q y 2 p 3 p 4 + p 3 p 5  

- VIY) 

- T,,o . - + 3 ~ ,  

Consider the t e r m  2p p p The  tree corr- P,+L? 1t" r l  : ? - - a : ~ G l  

esponding to t h i s  te$m5wlil consist of t h e  
edges e ,e5 and e . The fundamental cut- 
s e t  rnatlix Cf of t h e  required network N i s  
given below. L 

Y can be decomposed as follows =2 e5 el = 3  = 4  

Cf = 1 1  5 

O '1 
For example, the colwnn corresponding to 
e 3  is obtained as follows. It can be noted t h a t  K and K are dominant. 

We f i r s t  f o r m  IT - e ) u e Hence they can be easily r e a l t z e d  by 3-poft 
3 ' 'e5'el'e2b res i s t ive  networks [ 3 ] ,  [ ( I ,  having the There is a term in V ~ Y )  c~rrespandlng 

(e5 ,el , e 3 )  namely, P ~ P ~ P ~ .  Hence C Z 3 ,  i . e ,  same modified cutset  matrix. 
573 - 3- 



The 3-port networks W i  and N; are shown in 
Fig. 2 .  The networks N, and N, realizinq 

I L 

K and Py- 1 
P2 are shown i n  P i g .  3 .  The F 

parallel  combination of N and N2 
real izes  the  matriA Y .  

Since a number of equivalent networks can 
be obtained for  N* and N* such that t h e y :  
have the  same modified c&tse t  matrix 141 he 
is passible to obtain a number o f  equiva- 
l e n t  networks r e a l i z i n g  Y, 
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