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Abstract
In this paper we consider the synthesis of certain classes of multi-

variable networks.

1. INTRODUCTION

In this paper we consider the following
aspects of the problem of synthesis of
multivariable networks:

{1) A graph-theoretic approach for the
synthesis of driving-point functions
of multivariable networks,

{(2) Synthesis of a class of multivaria-
ble n-port networks.

2, A GRAPH-THEQRETIC APPROACH FQOR THE
SYNTHESIS OF MULTIVARIABLE NETWORKS

In this section we give a graph-thecoretic
ipproach for the synthesis of driving-
wint functions of a class of multivariable
retworks,

Zonsider a network N, Let G be the linear
jraph of N. Let there be n edges in N,
Let the admittance of edge e, be equal to
X.p;. We assume that p.'s are distinct
wdtithere be an edge indn connecting ver-
tices 1 and 2, where the vertices 1 and 2
form the input-terminal-pair. Without any
loss of generality we may denote thie edge
o¥ e,. We further assume that there are
10 p&rallel edges in K,

The driving-point admittance Y of N across
che terminal-pair (1,2} is given by [1]l.

_ viy}
Ly ‘“
there
V(Y) = ] tree-admittance products
{all trees)
‘nd
{(¥) = ] admittance products of 2-trees
1,2 e
’1,2.

We note that Y is a positive real functicn
of the variables pi's.

Let N_ denote the network obtained after
short=circuiting the edge e, in N, Then
a 2-tree T of N is alsc™a tree of N_,
21 2 8
¥
Since no tree of N_ will contain the edge
e. the variable p, will not be present
wi (Y) 1
i,2 .
Fach term in V{Y) corresponds to a tree in
G and can be written as
v=1
K. ., : P-
Tig-e-tyl1l k=1 Yy

where v is the number of vertices in N and

VEI

K, . ‘ = K,

fpigeaeiyly 0 ghp iy

The tree corresponding to this term will

consist af the edges €+ 8y 4 e By .
1 2 v-1

Each term in W (Y} corresponds to a 2-
tree of N and édﬁ be written as

K, . . =8
1taeeety2 j21 1y
The 2-tree corresponding to this term will
consist of the edges @ 5 By s .. &
1 2 v-2"
We wish to obtain the graph G of the net-
work N realizing Y and also the constants
K.'s associated with the edges of G, To-
wadrds this end we proceed as follows,

i

Consider any term in V(¥). Let the tree T
corresponding to this term consist of the
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edges &, ,e . Let C_ be the
* j‘2 v=1 £

fundamental cutset matrix of G with respect
to T. Let the entry of C_. at the inter~
section of the row and cofumn correspond-
ing to the edges e and ej be denoted by
C,*

e,
’ i

i
Cansider any chord e,. We wish to deter-
ming Ci x*

If there exists a term in V{¥) sugh that
the tree T, corresponding to this; gual to

{T - eij] U e,

then C, %= 1, otherwise Ci x = 0. This

result is a consequence of fhe fact that
Ci = 1 iffthe fundamental circuit corres-

poﬂding to the chord e contains the
branch e, of T, Thus, in this way z2ll

the columds of C corresponding to the
chords of T can ge determined, It is well
known that the submatrix of C. formed by
the Eolumns corresponding to ghe chords of
T is unit matrix, Thus following this
procedure, the fundamental cutset matrix
Cf of the graph G of the network N reali-
zing ¥ can be determined.Using Cg, the
graph G can be constructed, The terminals
of edge e; can be identified as the input-
terminals“of the required network N,

It now remains to determine the constants
K.'s asscociated with the edges of G. To
détermine these constants we proceed as
follows,

We note that in any non-degenerate network
for every edge e., there exists a path
between the inpua terminals containing e.,
In view of this, we can conclude that fo
every edge ei there eXists a tree

such that
v~1 *
The term Ka of

T = e, U e, ?..e. eee U B
i, i, lj
{(T - e } is a 2-tree,

YY) co}responding to T is given by

v-1
K=K i .1 Fopy
1t2rretuol 4=1
and the term of W (¥) corresponding to
(T - e } is givei'gy
v=-1
Kr = K, . . - : T g,
B lytaeendy glgeectolr ka1 2k
k#j
Since v-1
By i ...i = b K
1727 Ty~ j=1 3
and
% v-1
i.i . ;. = I K,
1*2-- }-1l)+l'- i1 k=1 1
k#j
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Thus the constant Ki associated with the

adge e, can be detetmined as described
above, JThus all the constants Ki‘s can be
determined,

This completes our discussion of the proce-
dure to follow in realizing Y,
We summarize our discussions as follows:

i} a} Consider any term in V{¥}. Let the
tree T correspending to this term consist

of the edges e, ,e, ...e, . Let e ¥ T.
Then 114 tv-1 x
C. = ] i1f there exists a tree T
i.x %
such that]
Tx = (T - eij} u e,.

b} The submatrix of C_. formed by the col-
wnns corresponding to thé branches of T is
a unit matrix,

Thus the fupndamental cutset matrix Ce of G
can be determined.

ii) Consider any term in V(¥) correspoading
to a tree T, Let this be equal to K;. Let
e, ¥ T,

Let (T - & ) be a 2-tree, Let the term in
W (Y] coPresponding to this 2-tree be K},

1,2 K* b
Then 2K

Kg

KLIS can be determined,

«Px’ Thus all the constants

We note that to determine graph G all the
terms in V({¥) will not ke required. Hence
one has to check, after obtaining G, whe-
ther all the trees and 2-trees T2 of G

are represented in V(Y) and Wl 2{}52
respectively, g

Extension of the above procedure t¢ synthe-
size driving-point impedance functions is
straightforward.

Further, if the admittances of some of the
elements of ¥ are known to be of the form

537 then synthasis should be carried out

1

using a modified function ¥Y'which is obtain-
ed from Y by making the substitution Py =

1

i

3, SYNTHESIS OF A CLASS OF MULTIVARIABLE
n-PORT NETWORKS
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In this section, we give a simple suffi-
cient condition for the synthesis of a
class of multivariable n-port networks,

Consider an n-port network N. Let the en-
tries of ¥, the shert-circuit admittance
matrixz of N be functions of the m-variables
p., 1i=1,...,m. Let Y be decomposable
a& follows

m k. p.

y= § 3t T K,

i=1 Py ¥ 9 3
Procedures are available to obtain such a
decomposition if one exists [2].

We note that each K, is a real symmetrix
matrix. Let K. be Fealizable as the short-
circuit conductance matrix of an n-port
network N*, Let N* gontain no negative
i
conductances,
k. p.

. i i
The network Ni realizing ET_i*ETKi can be

cbtained from N¥ by replacfng edch conduc-
tance g of N b¥ a series combination Of
k; 91

an admittance and a conductance

kig, i

If all the networks N¥ have the same modi-
fied cutset matrix, en the parallel com-
bination of all N,'s will realize the mat-
rix Y.

We now illustrate the results by two exam-
ples,

Example 1, It is required to realize the
function Y given below as the driving point
admittance of a S5-variable network,
¥ = 2p,PgP+2P,PyPyT2P4P P P 3PP

+4PyP 3P +4PyPyP5 P3P P AP,P Py
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Consider the term 2p PsPy s The tree corr-
esponding to this te%m w}ll consist of the
edges e,,e_ and e,, The fundamental cut-
set matEix Cg of %he required network N is
given below,

€ ©; ©®; &3 By

e, 1 0 D 1 4]

Ce e |0 1 0 1 1
gy 0 [¢] 1 0 1

For example, the column corresponding to
e, is obtained as follows,

We first form (T - e,} U e, = (es,el,e ).
There is a term in V%Y) correspending ga

{eg,e;,25) namely, P3P Py . Hence C,5, i.e.
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the entry of C_ at the intersection of the
row and column”corresponding to the edges
e, and e, respectively, is egual to 1,
Since thére is a term in Vv (¥) corresponding

to (T - e5) UJeae, = (e2,e3,e1), 053 =1,
But there”existd no térm in V(Y] "Zorrespond-
ing to (T - e;) Ue, = (e ,es,e3). Hence

c = 0, The graph G can“be’cofistructed.
Tﬁg terminals of edge &,, form the input-
terminal-pair since the variable P, is not
present in Wy 2(Y).

r

We have to determine the coastant Ki‘s,
Consider e,. For the tree T = (e

. fe3
there exisfs a 2-tree (T - ey) = %ezf
In this case

12, )
€y
K3 = 4p,P3Py

L
and Kb 4pzp4

K*
a

LS
Hence K3 = 1.

Thus all constants K, 's can be determined
and are given below:

Kl =1 K3 =1 KS =1

K, =2 Ky =2
The network N realizing ¥ is shown in Fig.
H

Example 2, It is reguired tc realize the
matrix ¥ given below as the short-circuit
admittance matrix of a multivariable net-
work,

Py -

TP P,+6p; 4P ~3p Py~2P; ‘ 5T
et :
(P} (P 3) | ot
—_ = =
-3p Py=2p, EpyP,toy | T2
"‘QE +3p pzf
T - . 2
a0 (P 42) TFTwEa
Pi P2 8p,p,+
—= 1P2
P,+1 -
b . ((-72_ -+ 2-) _4p?—+sp"
+is (P 7
Y can be decomposed as follows \® )
Py 3 -1 1 p, [4 -2 0
e -1 3 a| + -2 3 1
BT |1 o0 4] P o 1 i
Py P,
TR TR

It can be noted that K, and K., are dominant,
Hence they can be easily realEzed by 3-port
resistive networks [3], (4], having the
same modified cutset matrix.
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The 3-port networks Ni and N* are shown in
Fig. 2. The networks N, and™N, realizing

P P
1 2 . .
—p-—I:r Kl and —p-’;:'z\ are shown in Flg. 3. The

parallel combination of N, and N,
realizes the matrix ¥,
Since a number of equivalent networks can
he ohtained for N¥ and N? such that they :
have the same modified cltset matrix [4) W%
is passible to obtain a number of edquiva-
lent networks realizing Y,
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