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On a Theorem tn Groph Theory

An etror in the proof of a theosem given in Ref. 1 is pointed aut and a correct proof is
provided.

Seshu and Reed!® have proved the following theorem in their book *:

If G i'; a connected graph of v vertices and G, is 2 subgraph of G with v -1 elem-
ents and contnining no circuits, then G, is a tree of G. ,

In this correspondence, we first point out an etror in the proof of the above theo-
1em and then provide a correct prooef.

This theorem will be true if it can be shown that:

(1) G, confains p vertices, and

(2) G, Is connected.

In their proof, Seshu and Reed first state that G, contuins all the v vertices of G
and then establish (2). They then argue that since G, is connected, contains v -1
elements and no cirevits, it is its own tree snd hence contains » vertices, Thus they
establish (2) assuming (1) to be true and then establish (1} assuming (2) to be {rue,
Since (1) and (2) should be proved independently, the proof as given in Ref. 1 is not
valid, The followlng comments are also in order:

(i) by definition [def. 1—4 in Ref. 1], a subgraph G of 2 connected graph G
consists of a subset of edges (and hence rlso the vertices ab which these edges are
incident) of G. Thus sccording to this definition G, need not, in generad, contain
atl the vertices of . Hence equation (2-5) vsed in Ref 1 is not correct. i

- (ii) Suppose we define that a subsraph G, of 2 graph G consists of all the vemces

of G end a subset of edges of G. Then equanon 2-5) is eottect., However, in soch a
case, the statements 'Now G, Is its own tree enc —ontains p-1 eloments. Hence G,

containg v vertices ., , are not pecessary. Thi- latter definition of a subgraph is nof.
the usvual one. Such a definition, though convenient for the preof of this theorem, wiil
lead to difficelties in the development of other results of graph theory.

Thus a correct prool of the theorem is called for, This is detailed as follows:
Let G, consist of p maximal connected subgrephs, Let &,,8;,,8;,, ..., s, be the num-
ber of vertices in s;. Since s, is connected and contains no circuits s, is its own tree.
Hence s; contains u‘.'.:J elements, Thus G, contains v* -p elements where

Since, by hypothesis, G, contalns v~ 1 elements, we get

p*-p = v-1 ' (n .

Bence .
p*-1v = p-1 (2)

However, v* € ¢ and hence we get from (2)
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p* € 1° (3)
Buk
p 2 1 (4)

Hence from (3) and (4) it follows that p = 1. "Thus G, is connected.
Since p = 1 we get from (1) ’

pr = p

Hence G, contains all the v vertices. Thus follows the proof of the theorem,
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