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New

2)-Node Resistive

n-Port Networks

P. SUBBARAMI REDDY

Abstract—Certain properties of the network of departure Nz and the
padding network N, of an (n 4+ 2)-node resistive n-port network con-
taining no negative conductances are established. Based on these prop-
erties, some necessary conditions and o sufficient condition for the
realizability of the Y matrices of (n 4 2)-node resistive n-port networks
are obtained. A new proof for the supremacy condition is given. Also,
a necessary and sufficient condition for the realization of (n 4 2)-node
n-port networks having specified Y and K matrices is given.

I. INTRODUCTION

HE PROBLEM of realization of a real symmetric
Tmatrix Y, as the short-circuit conductance matrix of

a resistive n-port network having more than (n+41)
nodes, has been a subject of research for more than a decade.
Guillemin was the earliest to suggest a method of solution
when the port configuration T of the required #-port network
is specified [1]. His approach is based on the determination
of 1) the unique network of departure N, [5] with respect to
the given matrix Y having the specified port configuration;
and 2) a suitable padding n-port network N, so that the
parallel combination of N; and N, contains no negative con-
ductances [5]. Later approaches [2]-[5] differ from Guille-
min’s only in the procedure used to generate padding n-port
networks. The procedures given in [1], [2], and [5] to gen-
erate padding networks are general and applicable to the
generation of all padding n-port networks having more than
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is part of a dissertation to be submitted by P, Sabbarami Reddy to the
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(n+1) nodes. The procedure given in [3] is applicable to
(n+2)-node networks only and the one given in [4] can
generate only a class of n-port networks whose potential
factors are related in a special way. Frisch and Swaminathan
[2] have also obtained a significant result, viz., the formula-
tion of the supremacy condition, which is necessary for the
realizability of the Y matrices of (n-+2)-node n-port net-
works.

In this paper we consider the synthesis of (n+42)-
node resistive n-port networks containing no negative con-
ductances. Unless stated otherwise, we follow the notation
used in [5]. In this section we restate certain results discussed
in [5].

Consider an (n+4-2)-node resistive n-port network N con-
taining no negative conductances. Permitting edges with zero
conductances, the linear graph of N may be assumed to be
complete. Let the two connected parts T; and T of the port
configuration T of N be linear trees. Let the vertices of any
linear tree T, of N, of which T, and T, are subgraphs, be
numbered consecutively starting from one end vertex of Th.
Let the first (m+1) vertices be in T; and the remaining ver-
tices in T.. Let the set of vertices of Ty(T.) be denoted by
V«(V>). Let N; and N, denote the network of departure and
the padding network of N, respectively. For all ic V(V3) and

je VoV, let Si= ZJ’ (8= Zi 8i; _
Sio = 2 | (gi)a]  for all s for which (g:)a <0 (1)
J

and

S=> 8= 28

€V, i€V gy
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Se = Zsso = Zsio-

i€V, 1€V,

(2)

The following expressions for the conductances of N, have
been obtained in [5].

—88; .. ’
(gij)p = S . ’ 1, ] € Vl(Vz)
848;
(gid)o = S’ ; i€V, jJEV. 3)

Denoting as in [5] the nonzero nonunity potential factors of
Nby ky, ks, - - -, kn, let

P = [(1 - kl): (kl - kz)’ (kZ - ks)’ tt oty (km—l - km)y km:

(1 = kny1), Bmir — Emga), -« - ) (kncy = Ka), k] (4)
Let
R = PP = [ry]. (3)
1t has been shown in [5] that
(9i)p = — 18, LIE VIV (6)
(9ii)s = 1S, teVy, jeve. @

We note that (3), (6), and (7) have been obtained assuming
that 7, and T are linear. Also, the (g.;), obtained by assum-
ing arbitrary values for the S; and r;; define the padding net-
work N, of some n-port network N containing no negative
conductances, provided the S; are nonnegative and the k;
satisfy the conditions of [5, Theorem 3]. It follows from the
results on padding networks obtained in [6] that (3), (6), and
(7) can be used to generate (n+42) padding n-ports having
any arbitrary connected port configurations. However, the
synthesis of a matrix Y is a “cut-and-try”’ procedure because
of the assumed values of the [ry;].

I1. NEecEsSARY CONDITIONS FOR THE REALIZATION
OF Y MATRICES OF (n--2)-NODE
n-PORT NETWORKS

In this section we establish certain properties of the net-
work of departure N, and the padding network N, of a given
" (n+2)-node n-port network N containing no negative con-
ductances. Some of these properties serve as necessary
conditions for the realizability of the Y matrices of (n--2)-
node n-port networks. We also give a simpler proof of the
supremacy condition given in [2]. Proofs of some of the
properties are not given here.

Property 1

D (8,20, for all i€ V3, JEV.
2) (g0, for all i, JEV(V).
3) (g:i)a>0, for all i, j&EV(V>).

Property 2

1) If (g:;)a>0 for any i&V, and jEV,, then (g:;),>0.
2) If S>>0, then S;> Sio.
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Property 3

For any pair of vertices i and j& Vi(V>):
1) if (g:;)a=0, then either S;y=0 or S;o=0 or both;
2) if (gi7)a=0 with S;o70, then S;=0.

Let ¥1° be a subset of ¥ such that for every i€ V:°, Si;=0,
and (g.;)e=0 for some jEV, with S;,£0. It is evident from
Property 3-2) that for every icV,°, S;=0.

Let the complement of ¥,° in ¥; be denoted by V°. Let V*
be a subset of V¢ so that for every jE V12, S;0#0, and there
exists a k& Vy® such that

S;0Sko
So

2 (gi)a.

Since for all & V12S;070, we have S;> 0 for all j& V. There-
fore, for all j, kE V2, (gi)a> 0. Similarly, V,°, V>%, and V,° are
defined.

Property 4

For an (n+-2)-node n-port network containing no negative
conductances Vi*=Vy° and V2#=Vye (i.e., Vi® and V,* are
proper subsets of V¢ and Ve, respectively).

Proof: Let S;=S;o+x;, where x;2>0 for all j=1, 2, - - -,
n+2, and let

m+1 n+2
A=Y = Y,z
7=1 j=m+2

For every j& V2 there exists a k& V) so that
SjOS k0
So

> (gjk)d-

Since N contains no negative conductances, (g)s>S;S:/S.
Therefore,

ie.,
(Sjo + %) (Sko + ) < S;i0Sko
So+ A - S
ie.,

z;r -+ Siore + Sker; L SroSi0(A/S0).

Each term on the left-hand side of the above equation is
positive, since for every jE V32, x;>0 [Property 2-2)]. There-
fore,

S;ioSkeA S;0SkelA
kit > Spox; and 05k

0 0

> Sjox.

Therefore,



22
Thus we have for all j& Vye,

Se A

Also, we have S;o=S;=0 for all j&V;°. Therefore,

r;=0, foreveryjE V.

9
Let (contrary to the theorem)
Vit=Vye
ie.,
VeIV =V

Then (Sjo/So)>(x;/4) if S;o>0 [from (8)], and x;=0 if
S;0=0 [from (9)]. Hence it follows that

S; z; '
20 Y, e, 1> 1

vy So =

Thus we observe that the assumption Vy*=V¥;° leads to an
absurdity. Therefore Vi Vy¢; similarly V25 V3¢, Hence the
theorem.

In the following we shall refer to those (n+42)-node n-port
networks for which y;=0 for all i&Ty, j&T, as degenerate
networks.

In nondegenerate networks, for every i& ¥ there exists a
JE V1, j#iso that S;=0. ForicV,, let

(9i)a

70

my ;D = ) foralljEV, where Sj=0.

Let
Mo

= min {m;®}

and

m+1
MO =3 Mo,

=1

Similarly, m;;®, M;®, and M® are defined. In a2 nondegen-
erate network, at least two M;® and at least two M;® are
nonzero.

Property 5
For an (n+2)-node n-port network containing no negative
conductances, M®>1and M®>1.
Proof: For any i, j& V)
SiS;
S

< (gii)a.

Since S;> Sj0, we have

$i _ s
S Sio

=m;,  forall j € Vyfor which S; # 0.

Since M;® =min {m,-]-“) } , it follows from the above that
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S;
M®m>—.
S

We note that if M;® =0, then S;=0. Thus we have

m+1 m+1 Si
M(l) = EMi(l) 2 Z E = 1

=1 i=1

Therefore M®>1; similarly, M®>1.

Property 6 (Supremacy Condition)

For an n-port network N containing no negative conduc-
tances, let there exist some vertices i and jE ¥V, and some
vertices k and /E V', so that

(g)a <0 and (g)a < O.
Then
(g:alg)a = | (gin)al | (gr)al-
Proof:

Sﬂgj SkSl
(gi]’)p(gkl)p=<— S )(‘ S )

SESIES

= (gin) o(9:0) - (10)
Since N contains no negative conductances,

(gi)a = — (gi)»

(ge)a = — (g a1
Also,

(g)p = | (ga)al

(9i)» > | (g:)al- (12)

Therefore, from (10)-(12), we get
(9:)alger)a 2> l (gik)d1 ‘ (gin)a '

Of the properties discussed so far in this section some re-
late to the network of departure N, and others relate to the
padding n-port network N, of a given (n+2)-node n-port
network N. Since the network of departure N; with respect
to a given real symmetric matrix Y is unique and can be
easily determined when the port configuration 7' is specified,
the properties of N (Properties 3-6) can be used as necessary
conditions for the realizability of ¥ matrices of (n-2)-node
n-port networks.

1IT1. A SUFFICIENT CONDITION FOR THE REALIZATION
OF Y MATRICES OF (n-+2)-NODE RESISTIVE
n-PorRT NETWORKS

In this section we give a sufficient condition for the realiza-
tion of a real symmetric matrix Y as the short-circuit con-
ductance matrix of an (n+2)-node resistive n-port network
having a 2-tree port configuration T
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Following the notation introduced in Section I, we define
oy and o, as follows:

. {(gﬁ)dSo }
g1 = Imin — — 1
S:0Sjo
for all i, jEV, or for all i, jEV, such that (g:;)a>0, S:#0,

S;07#0, and
{l (i)l So }
gy =max {—————— — 1
SioSio
for all i€V, and jEV, such that (g;)¢<0. We note that if

(g:)a<0 for some i€V and j& Vs, then by (1), Si>0 and
S;0>0. This ensures the existence of o».

(13)

Theorem 1

A real symmetric matrix Y can be realized as the short-
circuit conductance matrix of an (n+-2)-node n-port network
having a specified 2-tree port configuration 7, if the following
two conditions are met.

1) Foralli,j&V,or foralli, j&Vs:
a) (g:)a=0;
b) Si()Sjo/So = 0, if (gij)d = 0;
c) for some i, JEVi(V3), Si>0, S;0>0, and (g:)4>0;
d) SioSjo/So<(gi;)as if (g:7)a>0.

2) 0‘120’2.

It can be shown that the following steps will lead to a
proper realization of a matrix Y satisfying the conditions of
Theorem 1.

Step 1: Obtain the unique network of departure N; with
respect to Y and having the specified port configuration 7'

Step 2: Choose A so that Sers <A< 0150,

Step 3: Obtain S; so that S;=S:(14A/Sy).

Step 4: Obtain a padding n-port network N, so that

iS;

9i)p = — » foralle, jEVy or 4,jEV, j#=4
S8,
S

(g,'j)p = ’ for all ¢ - Vi and ] & Vz.

Step 5: The parallel combination of N; and N, will repre-
sent a proper realization N of the given Y.

It is interesting to note that all n-port networks obtained
using different values of A will have the same modified cut-
set matrix [5]. This follows from the fact that

m+1 S m+1 S
k= 3 —= il i<m
jmit1 S =il So
or
n+2 S n+2 S
ki= Y == o, izm+1
jmitz S jmitz So

We observe that the sufficient condition stated in Theorem 1
is also necessary and sufficient for 2-port networks with
4 terminals.

1 2 3

KRty SRRtz

Fig. 1. Port configuration used in Example 1.
Example 1
Let it be required to realize the matrix Y given by
32 —-32 -4 20 2
—-32 80 4 =20 -2

— 4 4 25 7
20 —20 7 38 7
2 —2 -3 7 13
as the short-circuit conductance matrix of a resistive 5-port
network having the port configuration shown in Fig. 1.
The conductances of the network of departure N; with
respect to Y and having the prescribed port configuration are
given by
Gq = diag {gu g1z 14 G5 Jie i1 G2z G2a G2 Gae
g1 G3¢ G35 J36 GJ31 Jas GJae Ja1 Joe  Js7 967}4
=diag{0 32 4 —22 —2 20 48 0 0 0 O
-4 22 2 —20 15 3 7 3 24 7}.
We observe that S,=48. We obtain ¢; and ¢, as o; =89/55,
o2=1. We must choose a value of A in the range 48<A
<89/55X48. Choosing A=48, we get the S; as
S1 =48
Sy = 44

Sz=0
S6=4

83 = 48
87 = 40

S4=8
S = 96.

The conductances of the required padding network N, hav-
ing the above values of the S are given by

G,=diag {0 —24 4 22 2 200 00 0 0 4 22 2
20 —11/3 —1/3 —10/3 —11/6 —110/6 —5/3}.

The parallel combination of N, and N, is a 5-port network
realizing the given Y matrix.

IV. SYNTHESIS OF (n+2)-NODE RESISTIVE n-PORT
NETWORKS HAVING PRESCRIBED Y
AND K MATRICES

Given a real symmetric matrix

—m—<—n—m—

y = |:Y11 Yn]
Yo

Yo
with Yy; and Y uniformly tapered and a K matrix [5] equal
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to
(—m—»@n—m—» T
Ky K, m
!
T
Ko K, n_lm

with Ki; and K;, having the forms

—m — “—n—m—
-1 1..-1 1 1---1
T10 1 1 o 1---1 1
Kn=m Ky = n—m
0 0- 1 0 0---1

we obtain in this section a necessary and sufficient condition
for the synthesis of an (n+42)-node resistive n-port network
containing no negative conductances and having Y and K as
its short-circuit conductance and potential factor matrices,
respectively, and a linear 2-tree port configuration T, the
connected parts 71 and T, of T being defined by K1, and Kj,,
respectively. Also, Y3, and Y, correspond to Ky and Ko,
respectively.
Following the notation introduced in Section I, let

L), = min {(gﬁ)d}
rij
for all 4, j&V, or for all 4, jJEV,, j#4, provided (g:)a>0
and ;>0 and ‘

(14)

Ly = max {| (gij)'fl—} (15)
i

for all &€V, and jEV,, provided (g <0.

Theorem 2

A necessary and sufficient condition for the synthesis of
an (n+2)-node resistive n-port network N containing no
negative conductances and having a linear 2-tree port con-
figuration and Y and X as its short-circuit conductance and
potential factor matrices, respectively, is the following:

keg=kis = - =kim=k ife>m+1
kimir =kimpa = + - - = kin =k if 1 <m.
1>k 2k>2 - Z2kn
1> kny1 = kg2 > - -+ 2 k.

1) If for any i, JEVi(V3), (g:)a=0, then 7;;=0.

2) (g:1)a>0 for all 4, j& V(V>) and there exists at least one
pair of vertices i, jE Vy(V5) such that (g:;).>0 and (r:;)>0.

3) if (g:;)a<0 for any i€V and j& Vs, then 7;;>0.

Ly 2> L.

It can be shown that the following procedure will lead to
an (n+2)-node n-port network containing no negative con-
ductances if the conditions of Theorem 2 are satisfied.
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1 - 2 3 4 5 6
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f—Port 1 —f—Portz e Port 3 o Pt 4 1]

Fig. 2. Port configuration used in Example 2.

Step 1: Obtain the unique network of departure N; with
respect to the given matrix Y and having the prescribed port
configuration.

Step 2: Calculate the r;; and L, and L,.

Step 3: Choose an S in the interval L, <S<L,.

Step 4: Use the value of S obtained in Step 3 to obtain an
N, whose conductances are obtained, using (6) and (7).

Step 5: The parallel combination N of N, and N, will
contain no negative conductances and will be a realization
of Yand XK.

Example 2

Let it be required to synthesize a 4-port resistive network
having the matrices Y and X as its short-circuit conductance
and potential factor matrices, respectively:

[~ 67 45 —6 27
45 62 5 15

Y:
—6 5 60 40
L 2 15 40 55|
— 1 1 0.6 0.6
0 1 0.5 0.5 '
K:

0.4 0.4 1 1
1 0.3 0.3 O 1

Following the procedure given in [7], it can be shown that
the port configuration corresponding to the given K matrix
will be as shown in Fig. 2.

We note that k,=0.6, k,=0.5, k3=0.4, and k,=0.3. The
conductances of the required network of departure N; are
obtained as
G, = diag {!]12 713 G114 Gis Girs G2z Goa J25 _ Jo6 34

. Jss Gss Ga5  Gas gse}d
=diag {22 45 6 —8 2 17 —-11 -2 13 5
. 10 —15 20 40 15}.
We obtain R=[r;] as follows:
[0.16 0.04 0.2
0.04 0.01 0.05
0.2 0.05 0.25
0.24 0.06 0.3
0.04 0.01 0.05 0.06
| 0.12 0.03 0.15 0.18
We next obtain L; and L., as L;=2000/9 and L,=200. We

must choose a value of S in the range 200<.5<2000/9.
Choosing §=200, and using (6) and (7), the conductances of

0.24
0.06
0.3

0.36

0.04
0.01
0.05

0.127]
0.03
0.15
0.06 0.18
0.01 0.03
0.03 0.09_
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the required padding network N, are obtained as
G,=diag {—8 —40 48 8 24 —10 12 2 6 60
10 30 —12 —36 —6}.

The parallel combination of N, and N, realizes the matrices
Y and K.

V. CONCLUSIONS

The approach adopted by Guillemin [1] toward the a-port
synthesis problem suggests that a greater insight into the
nature of the problem can be obtained from a study of the
~ networks of departure and padding networks of resistive
n-port networks containing no negative conductances. The
conductances of the networks of departure being linear func-
tions of the elements of the ¥ matrix, it is possible to estab-
lish from the properties of these networks conditions for the
realizability of Y matrices of n-port networks. Frisch and
Swaminathan [2] were the first to work in this direction and
they formulated the supremacy condition. The necessary
conditions and the sufficient condition obtained in this paper
for the realization of ¥ matrices of (n+2)-node resistive
n-port networks further underline the importance and useful-
ness of Guillemin’s approach to the n-port synthesis prob-
lem.

Whereas synthesis of n-port networks having specified ¥
matrices involves solution of nonlinear equations, synthesis
of networks having specified Y and also K matrices is, as
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shown in [6], straightforward requiring the solution of linear
programs. Theorem 2 of this paper provides a simple solu-
tion of the latter problem for the special case of (n-+2)-node
n-port networks.
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Some New Configurations for Active Filters
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Abstract—Some new active-filter configurations based on the pole—zero
cancellation technique dre introduced. First, for the range Q < 50 a single-
amplifier circuit is suggested. For higher selectivity (50 << Q < 500) a two-
amplifier circuit is proposed. Another easily cascadable two-amplifier cir-
cuit with a reduced number of capacitors is discussed. In the latter case the
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filter function is determined by certain resistive ratios. All the configurations
proposed-employ integrated circuit operational amplifiers (OAs). The sen-
sitivity problem is discussed in detail. Effects of the finite OA frequency re-
sponse are also investigated.

1. INTRODUCTION

O DATE all general active-filter synthesis methods,

| with a few notable exceptions, have the drawback of
increasing element sensitivities as the Q of the transfer-
function poles and zeros increase. This fact is primarily due
to the dependence upon differences: of polynomials to syn-
thesize denominators and/or numerators of the required
transfer function [1]-[3]. In fact, it has been shown that some



