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The n-Port Resistive Network Synthesis from 
Prescribed Sensitivity Coefficients 

M. G. GOVINDARAJULU NAIDU, K. THULASIRAMAN, MEMBER, IEEE, AND 
M. N. S. SWAMY, SENIOR MEMBER, IgEg 

Abstract-An investigation of the relationship between the sensitivity 
coefficients and the K-matrix of n-port networks is presented. The 
results available on the K-matrix and the adjoint network approach for 
sensitivity computations will form the basis of the discussions. 

THE P-MATRIX 

C ONSIDER a resistive n-port network N. Let 4 = 
{gi} denote the column matrix of edge conductances 

of N. We shall denote by Jo. = {gio} the nominal value of @. 
, The sensitivity coefficient matrix P = [pii] with respect 

to the Y-matrix of N will be defined as follows: 

Pij = 218 =Oo 
I 

where yii is the short-circuit driving-point admittance across 
port i of N. Pij will be referred to as the sensitivity coefficient 
of yii with respect to the conductance gj. 

It may be seen that the matrix P is of order it x e, 
where e is the number of edges in N. Without any loss of 
generality the graph of the network N may be assumed to be 
complete by permitting edges with zero admittances. 

It follows from the results of [l], [2] that 

where vkj (a,‘) is th e voltage across conductance gk when 
port j(i) is excited with a source of unit voltage and all the 
other ports are short-circuited. This is illustrated in Fig. 1. 
Hence we get 

Pik IO = 80 = Cvk’12 (3) 

as a consequence of the no amplification property of 
resistive networks pik I 1. 

Let the port configuration T of N be in p parts Tl, T,, * * . , 
Tp. Let the set of vertices in Ti be denoted by l$. Let To 
be a tree of N such that T c To. We shall denote by qi 
thef-cutset of N with respect to the branch of T correspond- 
ing to the port i. If port i is in Tk, it may be seen from (3) 
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Fig. 1. (a) Resistive n-port network N excited by unit voltage source 
at port j with all other ports shorted. (b) Resistive n-port being 
excited by unit voltage source at port i with all other ports shorted. 

that for any vertices r, s E V, 

where e,, is the edge connecting vertices r and s, and g,s, 
is the conductance of e,,. 

In view of (4), the matrix P can be partitioned as follows: 

where 

1 P, ( 0 1 0 ( 0 ( ***-.*-**** ( 0 
o~p,I()~o~ . . . . . . . . . . . 10 

. 

I 
1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . I 
PA = 

I 

0 I 0 I 0 I 0 I ’ * * * pi * * * * I 0 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

I...................................., 

1 0 ) 0 1 0 1 0 1 ***- 0 *-** 1 Pp J 

with a) the rows of Pi (i = 1,2, * * * ,p) corresponding to the 
ports in q and the columns corresponding to the con- 
ductances g,s, where the vertices r, s E Vi, and b) the 
columns of Ps corresponding to the conductances grs 
where r E V, and s E Vi, k # j. 

It may be seen that Pi is the f-cutskt matrix with respect 
to T of the complete graph on the vertices of I$:.. Hence 
given any P-matrix, each K and hence the port configura- 
tion of N can be determined. 
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Fig. 2. The (p + 1) distinct vertices of network N when port i E Tk 
is excited by unit voltage source with all other ports shorted. 

RELATION BETWEEN P- AND K-MATRICES 

It may be recalled [3], [4] that the (i,j) entry kij of the 
K-matrix, called the potential factor of port j with respect to 
port i, is defined as equal to the potential of the positive 
reference terminal of port j with respect to the negative 
reference terminal of port i, when port i is excited with a’ 
source of unit voltage and all the other ports are short- 
circuited. Further if port i is in Tk and is excited with unit 
voltage and all the other ports are short-circuited, then the 
potentials of all the ports in any T,, m # k, with respect 
to the negative reference terminal of port i will be equal. 
Hence the potential factors of all the ports in T,, with 
respect to, port i will be equal. Let the common value of 
these potential factors be denoted by Ri,. I 
shown [4] that after rearranging its rows 
the K-matrix can be partitioned as 

:t can be easily 
and columns, 

. . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . 

where 

a) the rows and columns of Kij correspond to the ports 
in Ti and Tj, respectively; 

b) each submatrix Kii consists of l’s and O’s only and is 
uniquely specified by the configuration of Ti; 

c) all the entries in any row of Kqm will be equal, and 
d) the potential factors Ki,, for all i E Tq, completely 

specify Kqm. 

Theorem 

Given the P-matrix of an n-port network N, the port 
configuration T and the K-matrix of N can be uniquely 
determined. 

Proof EXAMPLE 

The submatrix Pi of the given P-matrix, as mentioned Let it be required to realize the matrix given below as the 
earlier, completely specifies the configuration of q and P-matrix of a 4-port network constructed on the resistive 

hence the submatrix Kii of the required K-matrix. Thus 
given P, the Kii submatrices of the K-matrix can be obtained. 

Let port i E Tk, of the n-port network N be excited with 
unit voltage and all the other ports be short-circuited. 
Then there will be (p + 1) distinct vertices in the network 
N as shown in Fig. 2. The set of ports in T, is represented 
in Fig. 2 by the vertex m. The potential of this vertex with 
respect to the negative reference terminal of port i is equal 
to Rim. Consider the entry in the ith row of P corresponding 
to any conductance connecting the negative reference 
terminal of port i and a vertex in the set V,. Since by (3) 
this entry is equal to (Ki,,J2, we can easily evaluate Ki,. 
Thus all the potential factors Xi,,,, m = 1,2, * . . ,p, m # k, 
may be evaluated using the entries in row i of P. Repeating 
this for all the ports in Tk, the submatrix Kkm of the required 
K-matrix can be determined. 

Thus we see from the given matrix all the Kii and Kij, 
j # i submatrices of the K-matrix can be obtained and 
hence the theorem. 

Since the procedures for realizing (whenever possible) a 
resistive n-port network having a prescribed K-matrix is 
already available, realization of a P-matrix may be con- 
sidered complete with the determination of the relevant 
K-matrix from the given P-matrix. The procedures given in 
[5] for the special case of (n + 2)-node networks or the 
general procedures given in [4] may then be followed to 
realize the K-matrix. If the K-matrix derived from a given 
P-matrix is not realizable, then the P-matrix itself is not 
realizable. Simple necessary and sufficient conditions to 
test the realizability of a P-matrix are not given here, since 
such conditions are not available in the case of a K-matrix 
too. 

Though the discussions in [4] and [S] are restricted to 
n-port networks having no internal vertices, the procedures 
given in these papers can be easily extended to networks with 
internal vertices by defining potential factors for all internal 
vertices too as is done in [6]. 
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Fig. 3. Resistive network for the example. 

Fig. 4. Port configuration of Cport network constructed on resistive 
network of Fig. 3. 

network shown in Fig. 3: 

P= 

Partitioning the matrix P as indicated, it may be shown 
easily that the port configuration of the 4-port network will 
be as in Fig. 4. Let V, = { 1,2,3}, and V, = {4,5,6}. The 
entry in the first row and the column corresponding to the 
conductance gr4 is equal to (R,,)‘. Hence we get K,, = 
k,, = k,, = 0.60. Similarly, Rz2, K3r, and K,, can be 
obtained from the relevant entries in the columns cor- 
responding to the conductances g24, g14, gr5, respectively. 
Thus we get R,, = k,, = k24 = 0.50; R3’,, = k,, = 
k,, = 0.40; and R,, = k,, = k,, = 0.30. The K-matrix 
of the required 4-port network is then equal to 

K=[;;i;;; ‘;I’;;]. 

Using the procedure given in [4], the conductances (gij)p of 
a pading 4-port network N, having the foregoing K-matrix 
can be obtained as 

Gp = diag h 913 914 91s 916 923 924 92s 926 934 

935 936 945 946 g56)p 

= diag{--8 -4048824 -101226601030 
-12-36 -6}p. 

I 
I I 
I 3% ; A 
I 
I 
---- .,--- - 

I -CL ’ 9 
, 100 ! 100 

The conductances of a suitable network of departure Nd 
can then be obtained (using (11) and (12) of [5]) as 

Gd = diag h2 913 914 91s 916 923 924 92s 926 934 

935 936 945 946 g56hl 

=.diag (22 45 6 -8 2 17 -11 -2 13 5 10 -15 

20 40 15}& 

The parallel combination N of Np and Nd will contain no 
negative conductances and will realize the matrix K and 
hence the matrix P. The conductances of N are given by 

G = diag h2 914 91s 916 923 924 92s 926 934 935 913 

= diag (14 5 54 0 26 7 1 0 19 65 20 1 

CONCLUSION 

In conclusion, it may be pointed c )U 

936 945 946 g56h 

5 8 4 9)N. 

It that the adjoint 
network approach for computation of sensitivities has helped 
in discovering the interesting relationship that exists be- 
tween the sensitivity coefficients and the K-matrix. This 
relationship was not obvious when the K-matrix was first 
introduced. 
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We now indicate the applicability of the results of this 
paper to the problem of design of minimum sensitivity 
resistive n-port networks. 

Given the matrix Y, each edge conductance gij of a 
network realizing Y can be expressed as [4] 

gij = f,j(K1$2, * * . $1; S195’2 3 * * * ,S,> (5) 
where Ki’S are elements of the K-matrix and S,‘s are quan- 
tities related to the network required. 

A significant feature of (5) is that Jj is a linear com- 
bination of S,‘s for a given choice of Kls. 

The problem of minimum sensitivity resistive n-port 
network design is to minimize 
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subject to 

for all i,j 

for all i = 1,2;**,m 

(W 

0) 

0 < Ki < 1, for all i = 1,2; - -,l: (7c) 
Each term in 4 is the square of the magnitude of the 

normalized sensitivity of transfer function y,, with respect 
to conductance gij. Note that normalized sensitivity is 
different from the sensitivity coefficient defined in the paper. 

It can be seen from the results of the paper that 8y,.,/8gij 
is a function of Kls only. Hence 4 is a function of Ki’S and 
Sis. The aforementioned problem can be solved using an 
existing nonlinear programming technique [7]. 

We wish to point out that for a given choice of Kr’s, $I 
is quadratic in Si’s, since each gij is then a linear com- 
bination of Si’s. One may be able to take advantage of this 
fact in finding K,‘s and S’s which minimize 4. 
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