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Abstract

The performance of Multistage Interconnection Networks (MINs) constructed from output buffered switching elements
(SE) is higher than those having input buffered SEs. Many of the existing analytical models for output buffered MINs
assume uniform traffic and infinite buffers at each output port of an SE. The models are not realistic because, in practice
buffers are finite and the traffic may not be uniform. Moreover, because of simplifying assumptions, the models do not
produce accurate results. For the purpose of network design and proper buffer dimensioning, it is important to develop an
accurate analytical model under realistic traffic patterns and finite buffered SEs. The objective of this paper is to develop
an accurate model for MINs using finite output buffered SEs and operating in the presence of nonuniform traffic patterns.
It is shown that the proposed analytical model is much more accurate than existing models.
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1. Introduction

Multistage interconnection networks (MINs) are used to connect processors and memories in large-scale
scalable multiprocessor systems. They have also been proposed as ATM switching nodes in Broadband ISDN
networks. Many architectures have been studied [1-7] in an effort to realize a high-speed ATM switch with
low packet loss probability. A single stage network is characterized by a stage of switching elements which
are connected to the inputs and outputs of the network by a specific connection pattern. A well-known
representative of these networks is the shuffle exchange network [8], which is based on a perfect shuffle
permutation cascaded to a stage of switching elements. This network is also called a recirculating network,
because it may be necessary to route a packet through the network several times before it can reach the
proper destination. Since the performance of single stage networks is low, usually several stages of SEs are
cascaded forming the so-called multistage networks. Multistage networks are built of several stages which are
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Table 1

Summary of different buffering strategies for « X a SEs

Buffer strategy Structure Internal speed Throughput Special

input simple equal to input limited head of line
output complex a times of input achieve optimal separate buffer
crosspoint simple equal to input better reduce HOL
shared complex a times of input very high buffer hogging
Table 2

Summary of existing analytical models

Buffer strategy Uniform General Hot spot SSSD Bursty
input [1,12-15] [16] [17] [16] [18]
output [2,19] [20-22] [21,22] 23] [18]
crosspoint [24,71 [25] [25]

shared [5] [26] [6:4]

interconnected by certain link patterns. Unlike single stage networks, no recirculation of packets is necessary
resulting in a higher throughput.

A MIN (see Fig. 3) consists of several stages of small crossbar switching elements (SE). The successive
stages are connected by a permutation function. Many of the MINs have buffers to store blocked packets.
The buffering schemes in MINs include the input buffer, output buffer, shared buffer and crosspoint buffer
[9,10]. Each scheme has its own advantages and disadvantages. Some schemes perform better under a uniform
input traffic pattern while others are better under a non-uniform traffic pattern like the hot spot and single-
source-to-single-destination (SSSD) traffic patterns. For example, shared buffer has a high buffer utilization
and throughput under uniform traffic pattern although it suffers from a phenomenon called buffer hogging [11]
in the case of a non-uniform traffic pattern. Table 1 summarizes the characteristics of the different buffering
schemes. Work carried out on the performance of the different buffering schemes under uniform, general, hot
spot, single-source-to-single-destination and bursty traffic patterns are consolidated in Table 2.

The overall performance of a multiprocessor system or the B-ISDN network depends heavily on the perfor-
mance of the interconnection network or the switching node respectively. Because of the excessive computing
power and time required to study the performance of networks using simulations, analytical models are usually
developed to facilitate such study. Early work in the performance analysis of unbuffered MINs was done by
Patel (27], who derived a recursive formula for the evaluation of the throughput of unbuffered MINs. The
analysis of MINs constructed of single input-buffered SEs was pioneered by Jenq [1]. Subsequently, the model
of Jenq was extended by various authors to model networks constructed from switching elements of arbitrary
size, more complex SEs with buffers placed at the outputs or more general traffic patterns [2,12,16]. Theimer
proposed a refined model to analyze the performance of single-buffered MINs with 2 x 2 SEs and demonstrated
a significant improvement in accuracy [13]. Mun and Youn [15] investigated in detail the accuracy of the
models in [1,12] and pointed out why those models were not accurate enough. Then they presented a new
model, which demonstrated a high degree of accuracy for input buffered MINs. It is to be mentioned that most
of the above models have assumed MINs with input-buffered SEs.

It is well known that due to the head-of-line blocking, the throughput of input-buffered MINs is lower than
those using output-buffered SEs. Several analytical models have been proposed for the performance evaluation
of output buffered MINs [2,21]. Kruskal [28] has analyzed infinite-buffered MINs and Kim [2] and James
[19] have studied finite output-buffered SEs respectively. The models are either not very accurate or assume
traffic which is uniformly distributed over the outputs. Uniform traffic does not necessarily represent the traffic in
a real system. Several non-uniform traffic patterns, viz. hot spot [29], favorite output [30] and single-source-
to-single-destination [16] have been reported in the literature. Most of the existing models do not produce
accurate results under non-uniform traffic, especially when the input traffic load is high. The inaccuracies are
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mainly due to simplifying assumptions regarding blocked packets in the network. Since non-uniform traffic
results in a significant blocking in the network, the results from the existing models are not very accurate.

In this paper, a new accurate model for evaluating the performance of MINs using finite output-buffered 2 x 2
SEs is proposed. Previous models [1,13] have assumed a renewal process for blocked packets. They assume
that a blocked packet can choose a new destination in a subsequent cycle. The proposed model differs from
existing models because it accounts for the fact that a packet which is blocked in a buffer always hunts for the
same output link in subsequent clock cycles. It takes a rigorous account of this behavior of blocked packets and
also considers the dependency between packets in consecutive clock cycles and states of the buffers in adjacent
stages. Due to taking into consideration the above facts, it produces results which are more accurate than
existing models. Moreover, it is applicable to both uniform and non-uniform traffic patterns in the network. The
accurate model presented in this paper will serve as a too! for the network designer, and will help in obtaining
a better insight into the performance of the network under different non-uniform traffic patterns. The objectives
of this paper are as follows:

e To develop an accurate analytical model which can be applied to evaluate the performance of MINs
constructed of 2 x 2 SEs having arbitrary sized buffers at the outputs and operating under a general input
traffic pattern.

e To model the queueing of packets at the input of the network and resubmit them in subsequent clock
cycles.

e To take into consideration in the model, the routing behavior of blocked packets in consecutive cycles.

¢ To compare the results obtained from existing model, the proposed model and simulation for both uniform
and nonuniform traffic patterns.

In Section 2, the structure, operation, and modeling assumptions of an output-buffered Omega network are
described. The proposed model for the performance evaluation of an output-buffered Omega network under a
general traffic environment is proposed in Section 3. The uniform and non-uniform traffic patterns that are used
to test the robustness of the model are described in Section 4. Results obtained from the proposed model and
previous models are compared with those from simulations in Section 5, followed by concluding remarks in
Section 6.

2. Model platform

The Omega network [27] will be taken as an example of a MIN to be modeled. The model, in fact, applies
equally well to all unique path networks. We make the following assumptions regarding the operation and
environment of the interconnection network as in [2,17,21]:

(1) There are N =2° inputs and N outputs in the network. Each input of the network has an Input Buffer

Controller (IBC) of finite size.

(2) The network operates synchronously. This implies that packets move from one stage to the next only
at the beginning of a clock cycle. This reflects the situation in an ATM environment where all packets
(called cells) have a fixed length, and fit exactly into one clock cycle. For modeling purposes, we split
the clock cycle into two phases [13].

e In the first phase, the availability of buffer space at the succeeding stage along the destined path of
a packet is determined.

e Depending on the availability of buffer space in the succeeding stage, a packet may move forward
one stage in the second phase.

(3) A backpressure mechanism ensures that no packets are lost within the network.

(4) Packet arrival at the inputs of the network are Bernoulli processes and are independent of each other.

(5) Each input link of the network is offered the same traffic load.

(6) There is no blocking at the output links of the network.
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(7) The conflict resolution logic at each SE is unbiased.

(8) A packet must spend at least one clock cycle in each buffer including the IBC.

(9) If there are more than two spaces available at the destination buffer in the next stage, the SE is assumed
to be fast enough to accept both packets in one cycle.

3. The model

We develop a Markov chain model for finite-buffered MINs in this section. The analysis is based on the
methods of [13,16,17,21]. Fig. 1 shows three SEs in consecutive stages of the network. The input and output
ports of the /th SE at stage k are denoted by kix, kix, kly and kly. Let (k+ 1)/j denote the input port of the

SE at the (k+1)th stage, which is fed by the output port kly. Also, let (k — 1)I% denote the output port of the
SE at the (& — 1)th stage, which feeds the input port klx.

In defining the state variables, a new state means that the packet at the head of the queue has moved to
the head of the queue in the previous network cycle. A blocked state implies that the packet at the head of
the queue has made at least one unsuccessful routing attempt. The state variables for a buffer at an SE are as
follows:

o State 0: The buffer is empty.

e State (i,n): The buffer contains i, 1 < i < m, packets and the packet at the head of the queue is in a new

state.

e State (i, b): The buffer contains i, 1 <i < m, packets and the packet at the head of queue is in a blocked

state.
From the definitions, it is clear that when a buffer is not empty, it will be in either state (i,n) or (i,b). When a
buffer is in state (i, b), the packet at the head of queue either lost the contention with another packet competing
for the same output link, or the receiving buffer at the succeeding stage was full. A buffer in state (i,n) implies
that the destination buffer could be in state 0, new or blocked. The probability that a packet can move forward
during a cycle will strongly depend on the situation during the previous cycle. Models which consider this state
dependency between consecutive clock cycles will have higher accuracy.

The states of the buffer at the beginning of phase 1, at the end of phase 1, and at the end of phase 2 of
a stage cycle will be called the initial state, the intermediate state, and the final state respectively. The initial
state Bi, (B,1), intermediate state B}, (3,t) and other probabilities of a buffer at port klv, v € {y, ¥}, during
cycle ¢ are defined as follows:

BY, (0,t) = probability that a buffer at klv, v € {y, y}, is in empty state at the end of cycle ¢.

Bill,(B,t) = probability that a buffer at klv, v € {y,y}, containing i, 0 < i < m, packets is in state (3,
B € {n, b}, at the end of cycle 1. -

E(,zh,(O, t) = probability that a buffer at klv, v € {y, y}, is in empty state at the end of phase 1 of cycle ¢.

l?};h,(ﬁ,t) = probability that a buffer at klv, v € {y,y}, containing i, 0 < i < m, packets is in state B,
B € {n, b}, at the end of phase 1 of cycle . B

A = probability that a packet is ready to come to an IBC buffer at the beginning of a cycle.

s = number of switching stages in the network.

m, f = size of buffers at the output of an SE and at the IBC, respectively.

Puyy = probability that a new packet, ready to come to klu, u € {x,x}, is destined to klv, v € {y,y}.

Quu(*,t) = probability that a packet (new and/or blocked) is ready to come to klu, u € {x, x}, during cycle t.

Quu(n,t) = probability that a new packet is ready to come to port klu, u € {x, x}, during cycle ¢.

Quu (b, 1) = probability that a blocked packet is ready to come to port klu, u € {x,x}, during cycle ¢.

C,ilu(n,t) = probability that i , 0 < i < 2, new packets are ready to come to the buffer at klv, v € {y, Z}*
during cycle ¢.
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Fig. 1. The illustration of Qux(*,1), rusy(B,1), and rgy(B,¢t).

C,‘;IU( x,1) = probability that i, 0 < { <2, packets (new and/or blocked) are ready to come to the buffer at klv,
v € {y,y}, during cycle ¢.

The routing probability of a packet is defined as the probability that a packet in the buffer of an SE can be
routed to the next stage. The routing and blocking probabilities will be denoted by r and 7 respectively and are
defined as follows:

Fuw (B, 1) = probability that a packet from port klu, u € {x, x}, advances to the buffer klv, v € {y, X}’ during
phase 2 of clock cycle ¢, given that a packet in state 8, B8 € {n, b}, destined to klv, is ready to come to klu
during cycle 1.

ruy(B,t) = probability that a packet at the head of the queue in the buffer at klv, v € {y, v}, is in state S3,
B € {n, b}, and is able to move forward to the next stage during phase 1 of cycle 1. B

We define 7 = 1 — z for any variable z. Now, we obtain equations for Q, (*,1), ru..(B,1), and rg, (B, 1).
Their relationship is shown in Fig. 1. A packet, ready to come to port kiu, u € {x, x}, and destined to port klv,
v € {y,y}, can pass from klu to the buffer at klv when the following conditions are satisfied:

(1) There are at least two packet spaces in the buffer at port klv, or

(2) the buffer at klv has m — 1 packets and a packet (new or blocked) in the buffer advances to the next

stage in the same clock cycle, or
(3) the buffer at klv has m — 1 packets and no packet can be forwarded, and there is no conflict between
the packet (new or blocked) at klu and a possible packet at klu, or there is a packet (new or blocked)
at klu which is also destined to klv and the conflict is resolved in favor of the packet at klu, or
(4) the buffer at klv has m packets and a packet (new or blocked) advances to the next stage in the same
cycle, and there is no conflict between the packet at klu and a possible packet at klu, or there is a packet
at kluy which is destined to klv, and the conflict is resolved in favor of the packet at klu.
The above conditions translate into the following equation for the probability that a packet in new state, ready
to come to the klu port and destined to klv, can advance to the buffer at klv:

Frw(n,t) =1 — {BD (n,t = 1) + Bp (b,t = 1) + Bp~'(n,t = 1) + B ' (bt — 1)}
+ Bi (e — Drge(n,t) + B (bt — 1) rup (b, t)
+ {Br N (n,t — DFp(n, 1) + BI (bt — )T (b, 1) + Bl (n,t — Dire(n,t)
+ B (byt — Dyrig (b, 1)} X {1 = Qi (%, 1) + (Qaau(bs 1) + Qi (1, 1)) Prgyr
+ 0.5(Quu(b, 1) + Quu(n, 1)) Puuo }- (1)

The probability that a packet at klv, v € {y, y}, can move forward is given by
Tito (1 8) = Py oy T ke yioy (1) + P(k+1)i13£r(k+l)iﬁl(n‘ 1. (2)

The packet arrival probability Oy, (*,¢) can be obtained from the sum of the probabilities that the upstream
buffer at stage k — 1 is not empty.
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Fig. 2. Markov state transition diagram for internal stage buffers.

Qi (b, 1) =ZB;k_1),-ﬁ(b,t- D, (4)
leu(* t)_l (k l)l"(o t_l) (5)

When a packet in stage k — 1 is in state (i,b) at the end of cycle ¢, the destination buffer in stage k after
phase 1 of cycle ¢ + 1 will be either full or will have one space available. If a packet was blocked at stage
k — 1 at the end of cycle t — 1, the destination buffer of this packet at stage k must be full at the end of cycle
t — 1. Under this condition,

e the destination buffer in stage k at the end of cycle ¢ — 1 can be in state (m,n) only if a packet left the
buffer during phase 1 of cycle ¢t — 1 and a packet arrived from another buffer in stage k — 1 during cycle
t—1,or

e the destination buffer in stage k at the end of cycle t — 1 can be in state (m, b) under one of the following
conditions:

(1) Buffer was full at the end of cycle t — 2 and no packet left the buffer during cycle 7 — 1.
(2) Buffer had one space at the end of cycle r — 2, no packet left during cycle t — 1, and one packet came
during cycle ¢t — 1.
Under the above conditions, the intermediate state of the destination buffer in stage & during cycle ¢ will be
either full if it is blocked or one space available if a packet left during cycle t. We define By (8,1), 8 € {n, b},
as the probability of this buffer being full and in state B at the end of cycle ¢, given that a packet at stage k — 1
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which is blocked for klv is ready to come to klu at the end of cycle t. From the above justification, we can
obtain B} (B3,1) as follows:

B (n,t — 1) ={Bjj,(n,t = 2)ruy(n,t = 1) + B, (bt = 2)rus (bt — 1)}

X {0.5(Quu(n,t — 1) + Quu(b, t — 1)) Pyu } (6)
B]I(;’Z,(b,[-——l)zl—B;c';:,(n’[_l). (7)

The blocked packet in stage ¥ — 1 can be routed during cycle ¢ if the packet wins any possible contention from
the other buffer in stage kK — 1 which feeds the same destination buffer and destination buffer has one space
after phase 1 of cycle .

Prww (b, 1) = {1 — Qi (%, 1) + (Quiu (b, 1) + Qu (1, 1)) Prtw + 0.5( Qi (B, 1) + Qui (1, 1)) Prgye }

x {Bi(n,t — Dyryy(n, 1) + B (bt — Dru(b, )}, (8)
Fiao (B 1) = Py iy (ks iy (B0 1) + P(k+l)iézr(k+l)ﬁ?£(b’t)' (9

The number of packets ready to come to buffer k/v are given by

Chiw (1) = {1 = Quu(n, 1) + Quata (1, ) Pt }{1 = Quaue (1, 1) + Qusu () Pigs } (10)
Caro (1, 1) = Qi (n,1) Pato {1 ~ Qi (1, 1) + Qi (1, 1) Pt }

+ Quu (1, 1) Pryo {1 — Quiul(n, ) + Ouiu(n, ) Priue } (1)
Ch,(n, 1) = Quu (1, 1) Pigue Quaie (1, 1) P (12)
Cho () ={1 = Quu(+, 1) + (Quu (b, 1) + Quau (1, 1)) Pitis}

X {1 = Quu(*,1) + (Quu(b, 1) + Quiu(n, 1)) Prup } (13)
CloGeot) ={Quu(n, 1) + Qutu (b, 1) YPrao{1 — Qrtu (¥, 1) + (Qutu (b, 1) + Qe (1, 1)) P}

+ {Quu (1, 1) + Quiu (b, ) }Prwe{1 — Cuau (*, 1) + (Quiu (B, 1) + Crau (1, )) Py } (14)
Chu (4, 1) ={ Qi (1, 1) + Qe (b, ) } Putue{ Ot (1, 1) + it (b, 1) } Prur- (15)

3.1. Internal stage buffers

Fig. 2 shows the 2m + 1 state Markov chain state transitions from the initial states of a buffer to intermediate
states and from intermediate states to final states, for a buffer in the internal stages of the MIN, i.e. the stages
other than the first and the last one. Some of the state transitions in Fig. 2 are explained as follows.

A buffer at initial state (i,n) may go to intermediate state (i — 1,n) if the destined buffer at the next stage
allows a packet at this stage to move forward, and the packet can win any possible conflict with another packet
in the same stage or may go to state (i, b) if the destined buffer at the next stage does not accept a packet or
the packet loses any possible conflict. A buffer at initial state (i, ) may go to intermediate state (i — 1,n) if
the destined buffer at the next stage allows a packet at this stage to move forward and the packet can win any
possible conflict with another packet in the same stage, or may stay at the state (i, b) if the destined buffer at
the next stage does not allow a packet at this stage to move forward or the packet loses any possible conflict.
A buffer may go from intermediate state O to final state 0, (1,n) or (2,n) if none, one or two packets are
offered to the buffer respectively. A buffer from intermediate state (m — 1,n) may go to final state (m,n) if
one or two packets are offered to the buffer, and stay in the final state (m — 1,n) if no packet is offered. A
buffer may go from intermediate state (m — 1,5) to final state (m,b) if one or two packets are offered to the
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buffer, or stay in state (m — 1, ) if no packet is offered. A buffer at intermediate state (m, b) will stay in the

same state in all cases.
We introduce the final state matrix By, (*, t), intermediate state matrix By, (*, ¢), and routing matrix g, (*, t)

as follows:

(B0 0 ... 0
Bu,(*.t) = | Bl (n,t) Bl.(nt) ... Bp(n1) |,

L Bllclu(b, t) leu(b’ t) . BZEL,(b, [)
B - BO'(O’t) Elv(n’t) Em_‘-l n,t
Bu,(x,ty=| M o i (n. 1)

| By, (b,1)  Bjg,(b,t) ... B, (b,1)
Frp(*,1) = ! ikl“(””) iklu(b,t) .

0 7ue(n,t) Tup(b,t)

Using Fig. 2, the intermediate state probabilities are calculated as follows:

By (%, 1) = rigy (%, 1) By (%, — 1). (16)

Since at most one packet can leave a buffer during a cycle, the intermediate state of the buffer at k/v during
cycle ¢ can not be (m — 2) if the buffer was full at the end of cycle (¢ — 1). Therefore, only new packets can

come to buffer klv if the intermediate state of the buffer is (m — 2) or less.
To formulate the expressions for the state transitions illustrated in Fig. 2, we introduce the two-dimensional

matrices C"'y, and C'yy, of sizes m x (m+ 1) and m x m respectively for 1 < k < s.

[ Co(n) Ch(n) Ch(my O ... 0 0
0 CI(c)lv (n) Clzlu (n) Cl?lu (n) . 0 0
0 0 ch(ny Cl(ny ... 0 0
oo 0 0 0 C,?,U.(n) 0 0 |
0 0 0 0 oo Chi(m) 0
0 0 0 0 o Clu(n) Ch, (n)
L0 0 0 0 o CR() CR() +Ch() ]
[ cO(n) Cl,(n) Ch(n) 0 ... 0 0 1
0 Chin) Ch(ny Ch(nm)y ... 0 0
0 0o % Cclmn ... 0 0
Cun=| : : ST :
0 0 0 0 . Ch(n) Ch,(n)
0 0 0 0 ... Ch(¥) Ci(x) +Cly(x)
0 0 0 0 0 1 |

We also define By, (n,t), Bu,(b,1), Buy(n,t) and By, (b, 1) as follows:

Buy(n,t) = [ BY,(0,1) By, (n,t) ... Bp(nt) ] , 0<k<s,
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By, (b,t) = [ B, (b,t) By (b,t) ... BI.(b,1) ] , 0<k<s,
Bklu(nvt) = { th,(oyt) B}:lv(n”) E:};l(n,t) ] s OSkSS,
Bu(b,0) = [ Bl(b.) Bh(bn) ... B(b) |, 0<k<s

Using Fig. 2, the state probabilities at the end of phase 2 are calculated from €'y, and €y, as follows:
By (n,t) = By, (n,1)C" ., (17)
By, (b, t) =By, (b, 1) C . (18)

For example, the equations (obtained from Egs. (16), (17) and (18)) for a MIN having two buffers (m=2)
at each output of an SE are as follows:

Intermediate state probabilities.

BY,(0,6) =BY,(0,t — 1) + By (n,t — Vyruy(n,t) + Bl (bt — )y (b, 1), (19)
B}, (n,t) =B, (n,t — Vyru,(n,t) + B, (bt — Dru(b, 1), (20)
By, (b,t) =By, (n,t — DFuu(n,t) + By (bt — DFiu(b, 1), (21)
B2, (b,t) =B}, (n,t — DFuu(n,t) + B, (bt — (b, 1), (22)
B9, (0,t) + B}, (n,t) + By, (b, 1) + B3, (b,1) = 1. (23)

Final state probabilities. If the buffer at klv at the end of time ¢ is not full, then there can be no blocked
packet in any of its source buffers in stage (k — 1). Moreover, since at most one packet can leave a buffer
during a cycle, the intermediate state of the buffer at klv during cycle ¢ cannot be zero if the buffer was full at
the end of cycle (t — 1). Therefore, only new packets can come to buffer klv if the intermediate state of the
buffer is zero.

B}, (0,1) = By, (0,1)Cyy, (n, 1), (24)
B}, (n,t) =B}, (0,)Ch,(n,t) + Bl (n,t)CP.(%,1), (25)
B2, (n,t) =B, (0,0)C} (n,t) + Bl (n,){Cl,, (%, 1) + CL.(*,0)}, (26)
B}, (b,t) =B, (b,1)CY, (%, 1), (27)
B, (b, 1) =By, (b, ){Cl, (%, 1) + CF, (%, )} + BL, (b, 1), (28)
BY,(0,1) + Bl (n,t) + B}, (n,t) + Bl (b, t) + B (b,1) = 1. (29)

3.2. Last stage buffers

The IBC buffer and the last stage need to be separately considered because they have different conditions
from the internal stage buffers. The Markov chain at the last stage remains the same as that of the internal
stages except that ry, (*,¢) = 1. Hence, we obtain the following equations:

By (x,1) = Bu(x,t = 1), (30)
By, (n,t) = lev(n» NHC" gy, (31)
By, (b,t)=[000...0], (32)
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where

(1) 1 1 1
rg,(*,t) = .
slv 0 0 0

For example, the equations for the last stage of a MIN having two buffers per SE are as follows.

Intermediate state probabilities.

B°,(0,6)=B% (0,1 — 1) + B!, (n,t — 1), (33)
Bl (n.t)=B% (n,1-1). (34)

Final state probabilities.

BY,(0,1) =B%,(0,)CY (n,1), (35)
Sh(n 1) = S,L(O t)Cs,b(n 1) +leu(" t)Cs,L(*,t), (36)
B2 (n,t) = BY%,(0,)C2 (n, 1) + Bl (n,6) (CL, (%, 1) + C3(x, 1)), (37)
BY%,(0,t) + Bl (n,t) + B3, (n,t) = 1. (38)

3.3. IBC Buffers

The state transition probabilities for phase 1 of an IBC buffer are the same as those of the internal stage
buffers. The state probabilities at the end of phase 2 of clock cycle ¢ are described by

Boy.(n, 1) = Boy (n, 1) C" o1, (39)
Boi (b, 1) = Boy (b, 1)C'on, (40)
where C'o, and C”¢y, are the matrices of sizes m x m and m x (m + 1), respectively;
[1-2 2 0 ... 0] [1-2 a2 0 ... 0]
0 1-A A ... 0O 0 I-A A ... O
C"op = 0 0 l1—x ... O and Clop = : :
: : S 0 0 0 ... A
| 0 0 0 cen A | 0 0 0 ... 1]

For example, the state probabilities of an IBC of size two are as follows.

Final state probabilities.

BS,(0,1) =BG, (0,0 (1 - A), (41)
Bl (n,t) = B3, (0, ) A+ Bl (n,0)(1 = 1), (42)
B, (n,t) =Bj,(n,1)A, (43)
By, (b, 1) = By, (b,1) (1 = ), (44)
B3, (b,t) = B, (b YA+ B, (b, 1), (45)

BS,(0,1) + BYy,(n,t) + B3, (n,t) + B, (b,t) + B3, (b,1) = 1. (46)






