Exact algorithm for delay-constrained capacitated
minimum spanning tree network
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Abstract: The delay-constrained capacitated minimum spanning tree (DC-CMST) problem of
finding several broadcast trees from a source node is discussed. While the traditional CMST
problem deals with only the traffic capacity constraint served by a port of the source node, and
delay-constrained minimum spanning tree (DCMST) considers only the maximum end—end
delay constraint, the DC-CMST problem deals with both the mean network delay and traffic
capacity constraints. The DC-CMST problem consists of finding a set of minimum cost spanning
trees to link end-nodes to a source node satisfying the traffic requirements at end-nodes and the
required mean delay of the network. In the DC-CMST problem, the objective function is to mini-
mise the total link cost. A dynamic programming-based three-phase algorithm that solves the
DC-CMST problem is proposed. In the first phase, the algorithm generates feasible solutions to
satisfy the traffic capacity constraint. It finds the CMSTs in the second phase, and allocates the
optimal link capacities to satisfy the mean delay constraint in the third phase. Performance evalu-
ation shows that the proposed algorithm has good efficiency for any network with less than 30
nodes and light traffic. The proposed algorithm can be applied to any network regardless of its con-
figuration, and used for the topological design of local networks and for efficient routing algorithms
capable of constructing least cost broadcast trees.

1 Introduction

Network topology is defined as the configuration of con-
necting computers in a network. The topology affects
important factors such as the communication cost and trans-
mission speed of a network. Thus, topology discovery is an
important area of research in computer networks.

Modern computer networks consist of ‘backbone’ net-
works that serve as the major highways to transfer large
volumes of communication traffic, and ‘local networks’
that feed traffic between the backbone node and end-user
nodes. Several researchers have proposed algorithms for
discovering the topology of the Internet backbone [1-5].
A local area network (LAN) connected to a backbone
node can be regarded as an end-user node. A local
network therefore consists of a backbone node and several
end-user nodes hanging off a LAN.

In a local network, the total traffic volume of end-user
nodes that can be served by a port of the backbone node
is limited. Therefore the local network consists of a back-
bone node (source) and several trees or rings that cover
all end-user nodes to satisfy the constraints on traffic
volume. Topology discovery is required to find all the
trees and rings in a local network that satisfies the con-
straints. Issues related to topology discovery for local
network has been classified into two problems in the
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literature: capacitated minimum spanning tree (CMST)
[6, 7] and delay-constrained minimum spanning tree
(DCMST) [8] problems that have been solved using heuris-
tic algorithms. The CMST problem is known to be NP com-
plete, and consists of finding a set of minimum spanning
trees rooted at the source node satisfying the traffic con-
straint. The DCMST problem finds the least cost broadcast
trees rooted at the source node satisfying the given
maximum end-to-end delay constraint. Details of the two
problems and related works are given in Section 2. To sum-
marise, the CMST and the DCMST problems consider the
traffic capacity and the end-to-end delay constraint, respect-
ively. However, communication delay between end nodes
deteriorates quality of service (QoS) of users as the
network size grows. In real situation, the traffic capacity
or the number of ports in the source node (e.g. router or
switching hub) is limited. If the solution wants to satisfy
the end-to-end delay requirement, the depth of trees tends
to short and the number of trees is larger than the number
of ports that can be served by the source node. This
means that some trees cannot be served because of the
limited number of ports in the source node despite satisfying
the end-to-end delay constraint. The use of mean network
delay instead of end-to-end delay leads to more efficient
utilisation of network resources such as the limited router
ports.

To solve the above issue, it is necessary to consider the
traffic capacity and the mean network delay constraints in
a common framework. We therefore present the
Delay-Constrained CMST (DC-CMST) problem. The
authors are not aware of any previous work on
DC-CMST. The objective of this paper is to formulate the
DC-CMST problem and to develop an exact algorithm to
solve the problem. We propose a dynamic programming
based exact algorithm to solve the DC-CMST problem.
To investigate the feasibility of the algorithm for real
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networks, we carry out a performance evaluation. Our
proposed algorithm solves the DC-CMST problem in
three phases: First, it uses dynamic programming to gener-
ate feasible solutions to satisfy the traffic capacity con-
straint. Secondly, it finds CMSTs based on the matching
procedure. Thirdly, it assigns link capacities to the set of
capacitated spanning trees optimally in order to satisfy the
desired mean network delay constraint. Computational
complexity shows that our algorithm can be effectively
applied to problems where the number of nodes is less
than 30.

Our performance evaluation results demonstrate that the
time complexity of our proposed exact algorithm is large
when the number of nodes in the local network is large.
We therefore suggest that our algorithm can be used for
small local networks (less than 30 nodes), whereas heuristic
methods can be used for large local networks (however, no
heuristic method has yet been reported). The main contri-
butions of this paper are: (i) formulate the DC-CMST
problem, (ii) propose and evaluate its exact solution and
(iii) depending on the size of the local network, determine
the threshold in choosing between heuristic methods and
the exact algorithm.

The rest of the paper is organised as follows: Section 2
describes the previous related work in this area. Section 3
presents the mathematical formulation of the DC-CMST
problem. Section 4 describes our proposed dynamic pro-
gramming based modelling and exact algorithm for the
DC-CMST problem. Section 5 evaluates the computational
complexity of our proposed algorithm using an analytical
model. Finally, concluding remarks are given in Section 6.

2 Previous related research

To aid in better understanding the DC-CMST problem for-
mulation in Section 3, we first familiarise the readers with
the formulation of CMST and DCMST problems and
related work in the literature.

2.1 CMST problem

The CMST problem (Fig. 1) is concerned with finding a set
of minimal spanning trees, which are used to form the
broadcast trees for real time traffic, such as multimedia.
The end-user nodes are linked together by a tree connected
to a port in the backbone node, where the links connecting
the end-user nodes have finite capacity, that is, they can
handle limited amount of traffic. This translates to restrict-
ing the number of end-user nodes served by a single tree.
The solution of the CMST problem results in a collection
of trees that serve all end-user nodes with a minimal con-
nection cost.

We now consider the modelling of the CMST problem
for the topological design of a tree network. Assume that

Fig. 1 CMST problem
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there is graph, G = (V, A), where V'=1{0,1,2, ---, n},
traffic requirement at node is 7; (i € V' — {0}) and link
cost between node i and node j is d;; (i, /) €A). € represents
the maximum traffic served by single tree. Index 0 rep-
resents the source node. The problem formulation is
described by (1).

Minimise E d,-jxij
ij

Z T X <e (1)

i€tree(a)

§ :xi/' =n
ij

X = Oorl

The objective of the CMST problem is to find a collection
of least-cost spanning trees rooted at node 0. tree(a)
(a=1,2,..., lent) is the spanning tree whose one of
nodes is connected the source node. ‘lent’ is the number
of disjoint trees covering n nodes. x; represents link
betweennode iandj (i, j: i=1,2,...,n,j=1,2,..., n).
If link (7, j) is included in any tree (tree(c)) of the solution,
then x;; is set to 1. Otherwise, it is set to 0. Total traffic
volume per tree (D iewee(w) TiX;) is less than equal to the
given traffic constraint (¢). A particular case occurs when
each 7; is equal to one. In that case, the constraint means
that no more than & nodes can belong to any tree of the sol-
ution. With this constraint, we can confine the fault to the
tree only in which it occurred. Since the number of links
in the CMST problem should be equal to the number of
nodes, the sum of x; (3 i x;) is equal to n.

2.2 DCMST and similar problems

We now discuss the DCMST problem (Fig. 2) that has an
upper bound on end-to-end delay to satisfy QoS require-
ments, important criteria in real time applications, and
finds least cost spanning trees. In the problem, the
maximum end-to-end delay of a spanning tree should be
less than or equal to a given delay constraint.

Formulation of the DCMST problem is given by

Cost(T(s)) < B

2
Max _Delay(T(s)) < &

T(s) and Cost(7(s)) represent the spanning tress rooted at
the source node (s) and the minimum total cost among all
possible spanning trees, respectively. B shows the upper
bound cost. Max_Delay(7(s)) and & represent the
maximum end-to-end delay for 7{(s) and a given delay con-
straint, respectively [8]. As shown in (2), the DCMST

maximum end-to-end delay = &

Fig.2 DCMST problem
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problem finds the set of minimum spanning tress satisfying
the maximum end-to-end delay constraint. These
approaches however do not always lead to efficient
network resource utilisation, since the use of least-delay
paths does not necessarily optimise sharing of the network
links. Minimising the overall cost of the multicast tree is
a key issue in the deployment of multimedia applications
in distributed environments [9].

Several other research efforts aimed at finding a low-cost
broadcast tree (spanning tree) and multicast tree [10, 11]
that satisfy the constraints imposed by QoS requirements
in a centralised environment with a single source. Reeves
and Salama [12] deal with the delay-constrained unicasting
problem. Karaman and Hassanein [13] and Zhengying ef al.
[14] have proposed an algorithm for multiple source delay-
constrained multipoint communication problem and an
algorithm for the delay-constrained multicast routing for
dynamic multicast groups, respectively. Kun et al. [15]
concentrated on finding multicast trees that meet end-to-end
delay and delay variation constraints. Tseng et al. [16]
proposed a genetic algorithm for solving the problem of
constructing a degree and DMST for multimedia broadcast-
ing on overlay networks. In such a communication scheme,
QoS requirement limits the transmission time and the
number of receivers to which each node can transmit. Li
et al. [9] developed a heuristic to construct multicast trees
that minimise the cost, while bounding the end-to-end
delay from the source to every multicast nodes.

Most of the above works are based on heuristic methods,
and have not considered the traffic capacity constraint that
each port of the backbone node can handle only limited
amount of traffic in real applications. In addition, the
above problems need the network configuration such as
link connectivity, link cost and the desired delay. On the
other hand, the proposed DC-CMST problem is to find the
network configuration composed of several trees to satisfy
the mean network delay constraint in order to share the
network resource among end nodes. Since the definition
of our proposed DC-CMST problem is different from
those of DCMST and other similar problems, solutions to
DCMST and similar problems cannot be applied to the
DC-CMST problem.

3 Formulation of the DC-CMST problem

We consider the graph G = (V, E) where V and E represent
set of nodes and edges, respectively. In this paper, we use
edge and link interchangeably. V' is composed of (n + 1)
nodes. Indexes of nodes are numbered as {0, 1, 2, ..., n}.
Source node (node 0) can be viewed as an object such as
the backbone router with several ports. Now, we want to
construct trees connecting to end-user nodes (1, n) satisfy-
ing the delay constraint. End-user nodes can be switching
hub or host and originates traffic.

While the CMST and the DCMST problems deal with
traffic capacity and maximum end-to-end delay constraints,
respectively, the DC-CMST problem deals with both the
traffic capacity and the network mean delay constraints
simultaneously.

The objective of the DC-CMST problem is to find a col-
lection of least-cost trees rooted at the source node. Since
the number of nodes a port can serve is limited in a real
environment, several trees have to be found. In addition,
network mean delay constraint, a QoS parameter of
end-user nodes, can be added to the problem. In this case,
we have to consider the capacity allocation for links
included in the trees to meet the required mean delay
constraint.
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The DC-CMST problem is represented in Fig. 3. In the
rest of this section, we formulate the DC-CMST problem.

3.1 Notations

The following notations will be used to formulate the
DC-CMST problem:

n: the number of nodes excluding the source node

0: the index of source node

N’: set of node indexes excluding 0

N ={1,2,...,n}

Nj: set of node indexes excluding j
N=N-—-{j}={12,...,j—-Lj+1,...,n}

d;;: distance (cost) from node 7 to node j

D: distance (cost) matrix

D': shortest connected distance matrix

p: unit cost of link capacity

d;: traversal distance cost of link k& in topology obtained by
the second phase of DC-CMST algorithm (k= 1, ..., n)
S: subset of N; composed of k nodes (cardinality of § = k)
&: maximum traffic served by single tree

7;: traffic amount generated at eachnode i i =1, 2, ..., n)
Ui(J, S): the minimum distance (cost) for a tree that covers
set S composed of k£ nodes from the source node to node j to
satisfy the constraint & (k represents the number of nodes
included in the set S)

P set, {j} U S which is composed of the same elements
ignoring the order

Yi(Py): the minimum cost among Y( j, S) corresponding to
the set, Py,

R.,: optimal node sets corresponding to ¢/(P,,) considering
the order

tree(a): set of trees connecting of end-node in R, to the
source node (a =1,2,...,1)

Yiree(ary: total link cost corresponding to tree(a)

R: set of optimal subtrees

®: mean delay time of network (s)

®;: mean delay time of link & (s)

v: total traffic between source-destination pairs

1/u: average packet length (bits/packet)

Oy the capacity of link k obtained by the second phase of
DC-CMST algorithm (k= 1, ..., n) (bits/s)

A traffic flow on link £ (packets/s)

0: desired mean delay time of network (s)

G.ose: total link cost in the third phase of DC-CMST
algorithm

F: optimal cost

3.2 Assumptions

We make the following assumptions to formulate the
DC-CMST problem.

Fig. 3 DC-CMST problem
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1. There is only one source node, and its capacity is not
limited.

2. The traffic generated at a node cannot exceed the
maximum traffic covered by one subtree (Max {7;} <e,
1 <i<n).

3. The traffic at a node is not splintered.

4. The total traffic exceeds the maximum traffic served by a
tree () io17; > €).

5. An arrival of packet is based on a Poisson distribution.
6. Service time of packets is exponentially distributed.

3.3 Problem formulation

We formulate the DC-CMST problem in order to satisfy the
mean delay constraint (total network mean delay time is less
than &) as well as the traffic capacity limitation imposed by
the existing CMST problem. The mean delay time (®) of
the network is given by (3) [17]. The reason that the
number of links is # in (3) is because the solution of the
DC-CMST problem is a set of spanning trees that has n
links when the number of nodes is n.

1 n
Vim

If each link % can be regarded as an independent M/M/1
queue, mean delay time () at link %, from queuing theory,
is given by

1
b, =—— 4
‘ (nO; — Ay) )
Substituting (4) into (3) gives the network mean delay
2w
b=->» N|———— 5
v ; ¢ (nOy — Ay) )

The total link cost is assumed to be a linear function as
given by

n

Gcost = Z p@kdk (6)
k=1

Having defined the network mean delay (5) and the
objective function (6), the DC-CMST problem can be for-
mulated by (7)—(11).

Minimise G = Y pOyd, (7)
k=1
S.T.
A
~ <0, ®)
i3
q>—12n:,\[1]<5 )
Vio ¢ (MO, — A ]~
Y Tx;<s (10)
iEtree(a)
Zx,.]:n x;=0or1 (11)
J

The objective function of the DC-CMST problem is to
find a collection of trees with minimal link cost (7)
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subject to the following three constraints: (i) average
traffic flow on the link should be smaller than the capacity
of the link (8), (ii) mean delay time of network has to be
dropped within allowable mean delay time (6) (9) and (iii)
maximum traffic flow on one tree must be below & (10).
If the number of nodes that a tree takes charge of is
smaller than a specific value, we change 7; to 1, Vi in
(10). x;; represents link between node i and j (i, j: i = 1, 2,

.,ny j=1,2,..., n). If link (i, j) is included in any
tree (tree(a)) of the solution, then x;; is set to 1. Equation
(11) represents that n nodes have to be included in the
solution.

4 Solution for the DC-CMST problem

Having formulated the DC-CMST problem in the previous
section, we now develop solution for the problem using
dynamic programming. Our solution consists of three
phases: subtree generation, matching and link capacity
allocation.

4.1 Subtree generation phase

To solve the DC-CMST problem using dynamic program-
ming, we define stage variables and state variables.

e Stage variable, k£ (k= 1, 2. ..), is the number of nodes to
form a subtree rooted at the source node to any arbitrary
node ;.

e State variables j and S are the node index to be connected
and the set of node indexes included in the subtree in order
to connect node j, respectively. Then, using the principle of
optimality, the recurrence relation can be obtained as shown
in (12).

In (12), Yu(j, S) represents the least cost to connect node j
with the subtrees of which the number of nodes included in
S'is k to connect node j. Yy (j, S) is set to infinity when the
sum of all the traffic exceeds «.

To obtain a feasible solution, we compute (j, S) for all
(j, S) satisfying D ,estq+ 17 < & by using . Then,
Ur(J, S) is computed using ;. By repeating this procedure,
we reach the phase where for all (j, S), V(j, S)

ququ +7>e

IfZTq+7}‘§8

qES

I (J, S) = qé\/l&iqn#[dfkq(q, S—{gh)+d,l, k=1

() $)= Min [y 1(q. 5~ 1g)) +d,,

> (g ) — (k= Ddyl, k=2 (SCN)
q9ES.q#j
else
,(j, §) = oo
(12)

Since boundary condition represents the cost to connect
directly from the source node to node j without intermediate
nodes, binary condition is defined by (13).

YU, =) = dyy (13)

Since Y (j, S) is infinity for all (j, S) at such a phase, we
set L = k. This means that the tree cannot be extended
any further. So, subtrees obtained at the previous stage
kO, 1, 2,..., L—1) are feasible solutions. In (12),
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Y gesqg-P1(q, {j}) — (k — 1)d;, represents the case where
the tree branches off. For example, assume that there are
five nodes including source node (index 0) and all the links
between nodes are connected. Now, we connect node 2
and source node. For k£ = 3, (2) can be expressed as: y»(2,
(1, 3, 4)) = Min[go(1, (3, 4) +dpa, (3, {1, 4) +dss,
do(d, {1, 3)) +daz, (1, 2) + 43, 2) + 4, (2)) —
2dy,] and corresponding feasible connections are depicted
in Fig. 4. Since the optimal connection of the circle was
already obtained in the previous stage (k = 2), it is sufficient
to consider only S to connect node 2 (Fig. 4a—c). Now,
we consider the situation where the tree branches
off. Since ¢r(1, 2+ (3, )+, (2))= (2,
=)+ dar + (2, =) + dos+ Y2, =) + doa = 3¢0(2, —)
+ dy +doz+doy =3doy +doy +dr3 +dra, we  have
included d,, three times (Fig. 4d). Hence, the cost of
Fig. 4d  becomes n(l, {2+ (3, {2+ (4,
{2}) — 2dy,. From the above inferences, in the kth stage,
the branch cost to node j becomes ) ,cs,Y1(q, {/}) —
(k= Ddy.

4.2 Matching phase

At stage k of the subtree generation phase, yy(j, S) rep-
resents the cost of the tree that is composed of the same
elements as j U S, but the order of elements included in
the set is different.

Among i(j, S), the minimum cost y(P,,) is computed.
That is, the cost for P,, at stage k, ¥i(Py,) is as follows.

lp(;(f)m) = lp(](j’ _)5 k =0
V(j, S) such that P, — {{j} N S} = & (14)
Y (Py) =Min[¢y (7, S)], k=1,2, ...,L—1

The value of y}(P,,) from (14) represents the cost of the
tree, which is composed of the same node indexes of differ-
ent order. Node set of the optimal policy R, corresponds to
Yi(Pm) Ry is the set of node indexes included in the tree
rooted from the source node. Of course, node 0 is not
included in R,,.

We find the set of trees containing the source node by
adding the source node index (0) to the end-side indexes
of R, as (15).

tree(a) = {0 — R, }, VR, such that UR,
=N and R, NR, =S #)) (15)

4.3 Link capacity allocation phase

Now, we compute e that represents cost for each
tree(a) (¢ = 1,2, ...,1) after allocating link capacities opti-
mally and computing the total cost(}_ pd;6). In order to
obtain the optimal link capacity for each link k, we use
fixed routing to, find the mean arrival rate (A k=1, 2,
...,m) of links on the capacitated tree (tree(a): a =1,
2,...,1). The reason to use fixed routing is that, in order
to transfer the traffic to the backbone node, each node in

2
|_17’_I
L3 UI [ § R

0 0 1]
a b c

_2 _2
ARSI
3

4

a ©

Fig. 4 Feasible connections for (2, {1, 3, 4})
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the trees has to send it to the neighbour node on the tree.
The formulation for satisfying the mean network delay con-
straints is represented as

n
Minimise G, = Z PO, d,

k=1
S.T. (16)
1< A
- Tk _5
\4 =1 M@k — Ak

The optimal solution of (16) is obtained using the
Lagrange multiplier as shown in (17).

A 1 & V/PAd
0, ="%1+ S 17
k /J,|: vxﬁz /pAd, a7

By adding the pd, 0, for each tree(a), we can find the

tree(a)-

m

Vieotar = PO, (18)

k=1

where k is the index of each link included in the tree(a).
The global optimal value F is the least value among
\Ptree(a) (O[ = l, 29 e l)

F = Min e (19)

a=

4.4 Optimal DC-CMST algorithm

Fig. 5 shows the optimal DC-CMST algorithm based on
above model.

’ subtree generation I

fori=1.2.... }
for each jEN'

no

specify node

w (S = Min v, (G5~ +d,,
2 (g i) - (k=1d,]
sl
I

| matching ‘ 4>| link capacity allocation ”
for 4=0, eachj&N'

for tree{a), a=1,2,..1

; for k and j=12..,
wyP,) = vl orkandj=12..m
for k=1,2,....,1.-1 @k:ﬂ[HLimJ
%o S [
Y(,S) such that B vxd i fpid,
e —
VP, NS} =0, "
m i
(P )=Min[¢(.5)] Y reda) —Elﬂdk(ak

VR, suchthatR = N'
and R,NR = D (i =), |

find tree(a) (a=1,2,..0)

F= Minly 1

w2l treda)

Fig.5 Optimal DC-CMST algorithm
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Table 1: Distance matrix

0 1 2 3 4
0 0 3 3 5 10
1 0 4 8
2 0 3 5
3 0 7
4 0

5 Performance evaluation

Having formulated the DC-CMST problem and its solution
in Sections 3 and 4, in this section, we evaluate the perform-
ance of the algorithm in terms of its computational
complexity.

5.1 Numerical example

To facilitate better understanding our DC-CMST algorithm,
we provide below a simple example. We consider the
problem in which maximum traffic (¢) per tree is three,
traffic requirement at each node is one (Vi, ; = 1), and
mean network delay constraint (6) of the network is 1 ms.
Also, assume that mean packet length (1/u) is 1000 bits/
packet, with p set to 1. Index of the source node is
0. Distance matrix (D) is symmetric as shown in Table 1.

The steps for computing the optimal DC-CMST algor-
ithm for subtree generation (phase 1) is shown in Table 2,
and for matching (phase 2) is shown in Table 3.
The optimal policy in Table 2 shows the node index with
the least cost in the previous stage to connect node j. The
numbers in () in Tables 2 and 3 represent branched
nodes, while those in { } in Table 3 represent R,,,.

Table 2: Phase 1: subtree generation

Table 4 shows the result after allocating link capacities to
the capacitated minimum spanning trees obtained in phase
2. Optimal costs for two trees {0-1} and {0-2-(3-4)} are
3.0 and 11.0, respectively. Capacities and delay times for
each link to meet the total network mean delay
(6 = 1.0 ms) are also presented.

5.2 Performance of optimal DC-CMST algorithm

We present the following Lemmas in order to show the
properties of the proposed algorithm.

Lemma 1: Optimal DC-CMST algorithm produces the
optimal solution.

Proof: In the subtree generation phase, we enumerate the
feasible subtrees using the optimality principle of dynamic
programming. So, there can be no other feasible subtrees
except our solutions. In the matching and link capacity allo-
cation phase, we first find partitions of which unions
compose of the node set, N' = {1, 2, ..., n}. Next, we gen-
erate trees composed of the above partitions. These trees are
found by adding the index of the source node to indexes of
both end nodes included in the partition. They are candi-
dates for optimal solutions. Then, we find all the costs of
tress by allocating the optimal link capacities satisfying
the mean delay constraint (6). These costs are sub-optimal
solutions because they represent the optimal cost for the
specific corresponding tress. Finally, since we select the
least cost solution among sub-optimal solutions, it is
natural for that solution to be the global optimal solution.[]

Lemma 2: Time complexity of DC-CMST algorithm is
O(kV?), 1 <k <2*

step il j, S) Optimal policy
1 k=0 Yoll, =) =do1 =3 0
Pol2, =) =dp2 =3 0
Pol3, =) =dbs=5 0
1/10(4,_):(104:10 0
2 k=1 (1, {2) = (2, =)+ dy=3+6=9

(1, {3) =9, ¥(1, {4}) =18
(2, {1) =9, (2, {3}) =8,

¥1(2, {4}) =15, n(3, {1} =7,
(3, {2}) = 6, Yn(3, {4)) = 17
a4, {1}) =11, yn(4, {2}) = 8,

W =22 eN
N AW

(4, {3) =12
k=2 (1, {2,3}) = Min[yn(2 ,{3}) + daq, Y(3, {2}) + da1, 3
Un(2, (1) + (3, {1}) — do1] = Min[8 + 6, 6 + 4,
9+4+7-31=10
P21, {2,4}) = 16, (1, {3,4}) = 15 4,(3,4)
P2(2, {1,3}) =9, ¢(2, {1,4}) = 14, 3, (1, 4)
(2, {3,4}) =1 (3, 4)
P2(3, {1,2}) = 12, (3, {1,4}) = 16, 1,1
(3, {2,4}) =15 4
(4, {1,2}) = 14, y(4, {1,3}) = 14, 1,3
(4, {2,3}) =13 2
k=3 V(j, S), since il j, S) = 0, we let L = 3.

IET Commun., Vol. 1, No. 6, December 2007
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Table 3: Phase 2: matching

step i (Prm) R,
1 k=0 ol{1) = yo(1, =) =3 )
ol{2}) =3 2)
Yo((3) =5 3)
Yol{4) = 10 )
2 k=1 YA(11,2)) = Minlya(1,(2)), $(2,(1)] =9 1,2)
((1,3) =7, ¢hl{1,4)) = 11, 1,3}, {1,4}
YA((2,3) = 6, 2,3)
Wh((2,4)) = 8, y4({3,4) = 12 (2,4}, (3,4}
k=2 #({1,2,3}) = Minly(1, {2,3}), ¥2(2, {1,3}), ¢(3, {1,2})] (1,3,2}
=Min[10,9, 12]1=9
¥h({1,2,4)) = Min[16, 14, 141 = 14 12,4,1}
¥5({1,3,4}) = Min[15, 16, 14] = 14 {1,3,4)
,({2,3,4}) = Min[11, 15, 131 = 11 (2,(3,4)}
3 #{1,3.2)) + ({4) =9+ 10 =19
{2,4,1)) +{3}) = 144+5=19
W(1,3,4) + {2}) =14+ 3 =17
(2,840 + (1) =11+3=14
P{1,2) + Y({3,4}) =9+ 12 =21
{1,3) + {{2,4)) =7 +8=15
W{1,4) + (2,3 =11+6=17
Min[19, 19, 17, 14, 21, 15, 17] = 14
4 tree(a): {0-1}, {0-2-(3, 4)}

Proof: Consider a network with » nodes. This network can
be modelled as a graph G = (V, E) where V denotes a set n
vertices corresponding to the network nodes. In each (k= 1,
2, ..., L) stage of subtree generation phase in the algorithm,
we have to add ,_;C; for n nodes, and compare ,_;C; for
the previous stage and n nodes. Therefore, the number
of additions _nZk K le_n(n—l)Zk [ (n=2)1/
(k=Dl(n—1-k) —n(n— DY e 2Cp1 =nln— 1)2*
and the number of comparisons =n) ,_,(k—1)-,_1Cx=
the number of addltlons _”Zk 1n—1Cr=n(n—1)
Zk 1K°n=2 Ci l_nzk 1n— lck—n(n_l)zL_n(ZL )=
n(n—2)2%. In the matchmg phase, we do not consider the
sequence of nodes unlike in the subtree generation phase.
It is natural for this to make the amount of computations
less in the most case. However, since there might exist
the case that the amount of computation is same according
to the traffic capacity constraint () i—; 7; < &) regardless of
the consideration for node sequence, we can state that the
number of additions and comparisons in the matching
phase is same as those in the subtree generation phase at

Table 4: Phase 3: Link capacity allocation

most. Thus, the upper bound for the number of additions
and comparisons in the matching phases are n(n — 1)2*
and n(n — 2)2%, respectively. Time complexity of link
capacity allocation is O(1). Therefore, total execution
time of DC-CMST algorithm is = execution time of
subtree generation phase + execution time of matching
phase + execution time of link capa01ty allocation phase =
maximum {O [n(n — 1)25 + n(n — 2)2 J O[n(n — 125+

n(n — 2)21, O(1)} = O(kV?), 1 < k < 2-. d

The performance evaluation was carried out using several
networks defined according to the location of the source
node. The co-ordinates of nodes were randomly generated
in a square grid of dimension 100 by 100. Computational
experiments were carried out on an IBM-PC using the C
language.

Fig. 6 represents the number of computations of
DC-CMST algorithm for two different cases (heavy
traffic, e ~ 1/2) /. 7, and light traffic, e ~ 1/4) /- 7).
In the light traffic and » = 30, the number of additions
and multiplications are 111 360 and 107 520, respectively.

Tree Link (ki—j) k i-j Link Traffic flow Capacity Delay time
cost (dk) (Ak, pkts/s) (O, Mbps) (D, ms)
0-1 1 0-1 3.0 1.0 2.37 0.42
0-2- (3, 4) 2 0-2 3.0 3.0 41.01 0.24
3 2-3 3.0 1.0 23.70 0.42
4 2-4 5.0 1.0 23.70 0.42

Mean network delay (6), Tms
Optimal total cost (F), 14.0
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the number of nodes

C—Je=1/4%7i (addition)
C——e=1/4%7i (multiplication)
— —A— - £=1/2%7i (addition)
—— £ =1/2%7i (multiplication)

Fig. 6 The number of computations

These values are so small compared to the performance of
modern computer. In the heavy traffic and » = 30, the
number of additions and multiplications are increased to
2.85 x 107 and 2.75 x 107, respectively. There is no
problem for current PC to execute theses computations in
short time.

Fig. 7 depicts that the number of nodes and maximum &
corresponding to the sum of the number of additions and
comparisons for number of nodes, being 30 and & = 29.
In Fig. 7, we observe that the theoretical number of compu-
tations for (n =30, ¢ =29) and (n = 100, & = 25) are
almost the same, but the real execution time is different.
This is because k x ,,C,_; storage spaces are required in
each stage k to store Wu(j, S), that is, as the number of
nodes becomes large, memory access time increases
sharply because the main memory cannot maintain all the
results from the previous computation.

We now compute the amount of memory space. In order
to store Wi(J, S) at each stage k in the feasible tree gener-
ation phase, we need n-,_;C; storage space. Fig. 8 shows
the storage space requirements for Wy(j, S) according to
varying k when n = 30 and 40. In the figure, we can find
that the amount of memory space is maximum at k = n/2.
At n =30, maximum memory space requirements is
2.3 x 10° (2.3 GB). Since the main memory size of
current PC is more than 1 GB(1.0 x 10%), it can satisfy
the 2.3-GB space requirements. The space requirements
however increase up to 2.8 TB (2.8 x 10'%) at worst case
when n = 40. This value is very large from the viewpoint
of the space amount of current PC. Therefore we cannot
maintain the entire computations at the previous stage of

30

maximum &

30 40 50 60 70 80 90 100

the number of nodes (n)

Fig. 7 Relationship between maximum € and n

IET Commun., Vol. 1, No. 6, December 2007

3 EH09 L 3E+12
23E+09  x- 0 o 28E+12
2.E+09 | X % ° e | —x—n=30
g / \F 0. =40
=)
g \ S 4 2E+12
£ 2.E+09 ) *x
ot
E / o \ -]
'é 1LE+09 | x x
= / ° \ ° 4 112
L
= : x L
S SEH08 | ¢ 5
% ’
! \
X % A
OFE+00 Wiolotor® o+ 1 0 0110 1 I b Log L Ly Lg L 1 0
7 12 17 22 27
stage k

Fig. 8 Storage space requirements for Wi(},S)

dynamic programming in the main memory. This leads to
reduction in the efficiency of algorithm. We can, of
course, use the auxiliary memory such as hard disk
instead of main memory to store the previous results.
However, in this case, transfer time between main
memory and auxiliary memory sharply increases the
execution time of the algorithm. In addition our algorithm
needs large main memory for the execution efficiency.
Because of current PC’s main memory limitation, our algor-
ithm is effective when the number of nodes is less than 30 at
the worst case.

On the basis of the above reasons, we generated n Poisson
random numbers as traffic requirements (7: i = 1,2, ..., n)
and used 10, 20 and 30 as the number of nodes (n).
Maximum traffic (¢) handled in a single tree was used for
three different cases, including heavy traffc, e = 1/2) 7,
7, medium traffc, e =1/3)>"7_; 7 and light traffic,
e = 1/4>"7_; 7. For each case, 10 problems were randomly
generated. Fig. 9 depicts the average execution time of our
proposed algorithm.

From Figs. 8 and 9, it is seen that the proposed
DC-CMST algorithm is affected by node traffic and &, and
is effective when the number of nodes is less than 30.

In order to compare other algorithms, the savings rate
(SA) is defined by (20), where 4 is the cost obtained by
applying link capacity allocation phase to the topology of
the EW solution — benchmark algorithm for CMST
problem — and B is the cost of the modified CMST

1000

100

average execution time
=
X

0.1

the number of nodes (n)

s O s =123 —X—e=1/331 — A= - g =1/430

Fig. 9 Average execution time (s)
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Table 5: Comparison of algorithms

Algorithm Application Need to Solution Time Savings The number
problem modify method complexity rate (SA) of nodes (n)
EW algorithm CMST yes heuristic O(V2 log V) benchmark Large (n > 100)
Sharma algorithm CMST yes heuristic O(Vlog V) worse Large (n > 100)
Gavish algorithm CMST yes heuristic o(V®) 1-5 (%) Large (n > 100)
Lee algorithm CMST yes exact o(2tv?) exact Small (n < 30)
least-cost heuristic DC-CMST no heuristic O(V? log V) 1-5 (%) Large (n > 100)
optimal DC-CMST DC-CMST no exact O(kV?), 1< k<2t exact Small (n < 30)
heuristics to meet the mean delay constraint [18]. Computational complexity analysis and performance
evaluation shows that the proposed algorithm is effective
G4 — (4—-B) % 100 20) when the number of nodes is less than 30 and the total
A traffic volume is much smaller than the maximum traffic

Table 5 depicts the comparison of several algorithms,
including the proposed optimal DC-CMST algorithm. It
should be noted that the algorithms — EW, Sharma,
Gavish [8] and Lee [7] — deal only with the CMST
problem which does not consider the mean delay time con-
straint. In order to compare the performance of algorithms,
we modified the above algorithms using the link capacity
allocation phase so that they can satisfy the mean delay con-
straint required for the solution of the DC-CMST problem.
Sharma algorithm can be applied only when the locations of
nodes are given by the coordinates of plane, and every
traffic requirement is one (Table 5). Gavish algorithm
shows the results when every traffic requirement is one. If
the traffic requirements are different, the results are inferior
to that of the benchmark solution. For a complete graph,
since the time complexity of Gavish algorithm is o(81?),
the computing time increases more sharply than the least-
cost DC-CMST heuristic [8] with a time complexity of
O(V? log V). Lee algorithm [7] gives the optimal solution
for the CMST problem with small number of nodes.
However, it does not consider the mean delay constraint,
and hence cannot be applied to the DC-CMST problem
without modification. To summarise, all the above algor-
ithms, except least-cost heuristic, should be modified in
order to apply them to the DC-CMST problem.

Our proposed algorithm shows good efficiency when the
sum of the traffic is much smaller than &. Since L becomes
small in such a case, the amount of computations for our
optimal DC-CMST algorithm also becomes small. The pro-
posed optimal DC-CMST algorithm is affected by node
traffic and &, and is effective in the case when the number
of nodes is less than 30. Since the execution time increases
exponentially for more than 30 nodes, it is desirable to use
the heuristic method, such as the least-cost heuristic, in such
case.

6 Conclusions

In this paper, we presented the problem formulation and an
exact algorithm for the DC-CMST problem, which has not
been reported in any previous work. The proposed exact
algorithm minimises the total cost to discover the capaci-
tated spanning tree topology with additional mean
network delay constraint. It consists of generating the feas-
ible subtrees using dynamic programming, finding the
capacitated minimum spanning trees by using the matching
procedure and allocating the optimal link capacities to meet
the network mean delay constraint. The algorithm can be
applied to any network regardless of its configuration.
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to be served by a port of the source node. Our proposed
algorithm can be used by network designers for the topolo-
gical design of local networks, or centralised networks with
a small number of nodes. In addition, it can be used to dis-
cover the broadcast trees for real-time multimedia traffic.

Future work consists of developing the solution space
relaxation algorithm in the feasible tree generation phase
and the matching phase. In addition, it is desirable to
develop a heuristic algorithm applicable to local networks
with large number of nodes and an alternative exact
algorithm for the small networks with further reduced com-
putation time.
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