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Abstract

This study deals with the Delay-Constrained Capacitated Minimum Spanning Tree (DC-CMST) problem arising in topology discovery of

local network. While the traditional Capacitated Minimum Spanning Tree (CMST) problem deals with only traffic capacity constraint of a

port of a source node, and Delay-Constrained Minimum Spanning Tree (DCMST) considers only the maximum end-to-end delay constraint,

the DC-CMST problem deals with mean network delay and traffic capacity constraints simultaneously. The DC-CMST problem consists of

finding a set of minimum cost spanning trees to link end-nodes to a source node which satisfy the traffic requirements at end-nodes and the

required mean delay of a network. We formulate the DC-CMST problem and present the Least-Cost DC-CMST Heuristic, which consists of

node exchange algorithm, node shift algorithm, and mean delay link capacity algorithm to solve the DC-CMST problem. Results from

performance analysis show that the proposed heuristic can produce, in a very short computation time, better results than the previous CMST

algorithms modified to solve the DC-CMST problem. The proposed Least-Cost DC-CMST Heuristic can be applied to the topological design

of large local networks and to the construction of least cost broadcast and multicast trees for efficient routing algorithms.

q 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Network topology specifies the configuration of con-

necting computers in a network. Topology affects important

factors such as the communication cost and transmission

speed of a network. Thus, topology discovery is an

important research area in computer networks. Several

researchers have proposed algorithms for discovering the

topology of the Internet backbone [1–3,9,12–14]. A Local

Area Network (LAN) connected to a backbone node can be

regarded as an end user node.

In a local network, the total traffic volume of end-user

nodes that can be served by a port of the backbone node

is limited. So, a local network consists of a backbone

node (source) and several trees that cover all end user
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nodes to satisfy the constraints on traffic volume.

Topology discovery is required to find all the trees in a

local network, which satisfy the traffic constraints. In the

literature, issues related to topology discovery for local

networks have been classified into two problems:

Capacitated Minimum Spanning Tree (CMST) and

Delay-Constrained Minimum Spanning Tree (DCMST)

problems; they have been solved using heuristic [5,8,20]

and exact [4,6,7,11] algorithms.

The CMST problem, which finds a set of minimum

spanning trees rooted at the source node satisfying the traffic

constraint, is known to be NP-complete [15]. Since optimal

solutions for a large problem cannot be obtained in a

reasonable amount of computing time, heuristic methods

have been developed to obtain approximate solutions for

large problems. Among heuristic methods, the algorithm

proposed by Esau and William [5] (we call it the EW

solution) provides near optimal solution with a memory

complexity of O(n2) and a time complexity of O(n2 log n)

when the number of nodes, except the source node, is n. EW
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solution is usually used as a benchmark for performance

evaluation of solutions to the CMST problem.

The DCMST problem finds the least cost broadcast and

multicast trees rooted at the source node which have the

minimum total cost among all possible spanning trees

having a maximum end-to-end delay less than or equal to a

given delay constraint D [10,16,17,18,22,23]. The DCMST

problem is used for real-time multimedia applications that

have rigid end-to-end delay requirements and consume

large amount of network resource.

The CMST and the DCMST problems consider traffic

capacity and the end-to-end delay constraints, respectively.

However, communication delay between end nodes deterio-

rates quality of service (QoS) of users as the network size

grows. To solve the above issue, it is necessary to

simultaneously consider the traffic capacity and the mean

network delay constraints in a common framework. We,

therefore, present the Delay-Constrained Capacitated Mini-

mum Spanning Tree (DC-CMST) problem in this paper.

The DC-CMST problem consists of finding a set of

spanning trees from a source node to a number of end-

nodes which satisfy the traffic constraints along with the

constraint of mean delay of network. The DC-CMST

problem has the additional second constraint that the

mean delay of a network has to be within a fixed time, as

in the CMST problem. It is very important to consider the

delay constraint because communication delay between

end nodes deteriorates quality of service of users as the

network grows.

In this paper, we formulate the problem and present the

heuristic (we call it the Least-Cost DC-CMST Heuristic) for

the DC-CMST problem which has not been reported in any

previous work. The proposed Least-Cost DC-CMST

Heuristic is composed of three algorithms (node exchange

algorithm, node shift algorithm, and mean delay capacity

allocation algorithm) in two phases. Our heuristic uses node

sets created by the EW solution for the CMST problem as

the initial solution, and continues to improve the solution

while changing the topology through application of node

exchange and node shift algorithms to nodes between trees

based on trade-off criterions. Furthermore, our heuristic

assigns link capacities optimally by calling the mean delay

link capacity allocation algorithm in order to satisfy the

desired mean delay, and finds a set of minimum cost

spanning trees.

Several properties of the Least-Cost DC-CMST Heur-

istic show that our heuristic has small memory and time

complexity. Moreover, our performance results demon-

strate that the proposed heuristic improves the solutions,

which are produced by previous CMST algorithms,

modified to satisfy the mean delay constraint in the

short execution time. The main contributions of this paper

are as follows: (i) presenting and formulating the DC-

CMST problem, and (ii) proposing and evaluating the

performance of the proposed heuristic solution for the

DC-CMST problem.
The rest of this paper is organized as follows. Section 2

presents the mathematical formulation of the DC-CMST

problem. Section 3 describes our proposed heuristic

algorithm for the DC-CMST problem. Performance of our

proposed algorithm is reported in Section 4, followed by

concluding remarks in Section 5.
2. Formulation of the DC-CMST problem

We consider the graph GZ(V, E), where V and E

represent set of nodes and edges, respectively. In this paper,

we use edge and link interchangeably. V is composed of

(nC1) nodes with indices {0, 1, 2,., n}. The source node

(node 0) can be viewed as an object, such as the backbone

router, with several ports. Now, we want to construct trees

connecting to end-user nodes and satisfying the delay

constraint. End-user nodes can be a switching hub or a host

that generates traffic.

While the CMST and the DCMST problems deal with the

traffic capacity and the maximum end-to-end delay

constraint, respectively, the DC-CMST problem deals

with both the traffic capacity and network mean delay

constraint simultaneously, i.e. the mean delay has to be

within a given time.

The objective of the DC-CMST problem is to find a

collection of least-cost trees rooted at a source node. Since

the number of nodes that a port can serve is limited in a real

environment, several trees have to be found. In addition, to

satisfy the network mean delay constraint as QoS of end-

user node, we have to consider the capacity allocation for

links included in the trees. In the rest of this section, we

formulate the DC-CMST problem.

2.1. Terminology
n
 the number of nodes except source node
lcnt
 the number of trees included in the solution
kcnt(p)
 the number of nodes included in tree p (pZ
1,.,1cnt)
cost(p)
 the cost of links included in tree p (pZ1,.,lcnt)
qi
 traffic requirement at node i (iZ1,.,n)
node(p)
 the node set corresponding to tree p
path(p)
 the link set on the Minimum Spanning Tree (MST)

corresponding to node(p)
edge(p)
 the minimum connection cost from tree p to the

source node
dij
 distance between node pair (i,j) (iZ0,1,.,n; jZ
0,1,.,n)
D
 distance matrix
d
 unit cost of link capacity
dk
 traversal distance of link k in any topology (kZ
1,.,n)
MAX
 the maximum traffic to be handled in single

spanning tree (or the number of nodes)
sub1
 index of the tree inclusive of node i
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sub2
 index of the tree inclusive of node j
ksij
 trade-off of node pair (i,j) in node exchange

algorithm (iZ1,.,n; jZ1,.,n)
msij
 trade-off of node pair (i,j) in node shift algorithm

(iZ1,.,n; jZ1,.,n)
T
 mean delay time of network (s)
Tk
 mean delay time of link k in any topology (s)
v
 total traffic between source-destination pairs
1/m
 average packet length (bits/packet)
Ck
 the capacity of link k in any topology (bits/s)
lk
 traffic flow on link k in any topology (packets/s)
Delay
 desired mean delay time of network (s)
Dcost
 total link cost obtained at each phase of DC-

CMST algorithm
NEWcost
 total link cost of any topology
2.2. Assumptions

Our formulation of the DC-CMST problem in the next

section is based on the following assumptions.
(1)
 There is only one source node and its capacity is not

limited.
(2)
 The traffic generated at a node cannot exceed the

maximum traffic covered by one tree

(maximum{qi}%MAX, 1%i%n).
(3)
 The traffic at a node is not splintered.
(4)
 The total traffic exceeds the maximum traffic served by

a tree
Pn

iZ1 qiOMAX
� �

.

(5)
 Arrival of packets is based on a Poisson distribution.
(6)
 Service time of packets are exponentially distributed.
2.3. Problem formulation

We formulate the DC-CMST problem in order to satisfy

the constraints that the total network mean delay time (T) is

less than a given delay time (Delay) and also satisfies the

traffic capacity limitation imposed by the existing CMST

problem. The DC-CMST problem is depicted in Fig. 1.

Generally, the mean delay time (T) of the network is

given by Eq. (1) [21]. The reason that the number of links is
Fig. 1. DC-CMST problem.
n in Eq. (1) is because the solution of the DC-CMST

problem is a set of spanning trees which has n links when the

number of nodes is n.

T Z
1

v

Xn

kZ1

lkTk (1)

Since each link, k, can be regarded as an independent

M/M/1 queue, mean delay time (Tk) of link k (from queuing

theory) is given by Eq. (2).

Tk Z
1

ðmCk KlkÞ
(2)

Substituting Eq. (2) into Eq. (1) gives the network mean

delay

T Z
1

v

Xn

kZ1

lk

1

ðmCk KlkÞ

� �
(3)

The total link cost is assumed to be a linear function as

given by Eq. (4).

Dcost Z
Xn

kZ1

dCkdk (4)

Having defined the network mean delay (Eq. (3)) and the

objective function (Eq. (4)) of the DC-CMST problem, we

can formulate the DC-CMST problem as in Eqs. (5)–(9).

Minimize Dcost Z
Xn

kZ1

dCkdk (5)

S.T.

lk

m
%Ck (6)

T Z
1

v

Xn

kZ1

lk

1

ðmCk KlkÞ

� �
%Delay (7)

X
i2Rj

qixij %MAX (8)

X
i;j

xij Z n (9)

xij Z 0 or 1

The objective function of the DC-CMST problem is to

find a collection of trees with minimal link cost (Eq. (5)).

Constraints of the DC-CMST problem are: (i) average

traffic flow on a link should be smaller than capacity of

the link (Eq. (6)), (ii) mean delay of the network has to be

dropped within allowable mean delay time (Delay) (Eq.

(7)), (iii) total traffic flow in one tree must be below MAX

(Eq. (8)), and (iv) n nodes have to be included in the

solution (Eq. (9)). If the number of nodes that a tree takes

charge of should be smaller than a specific value, we

change qi into 1, ci in Eq. (8).



Y.-J. Lee, M. Atiquzzaman / Computer Communications 28 (2005) 1371–13791374
3. Least-cost heuristic for the DC-CMST problem

EW solution is known as an efficient method providing

near optimum solution to the CMST problem. We,

therefore, use the EW solution as a first step in our

solution of the DC-CMST problem. However, any

alternative to the EW solution can also be used as a first

step in our solution. The Least-Cost DC-CMST Heuristic

computes trade-off criterions between each node pair using

sets of nodes included in each tree and least connection

costs to the source node. Our solution consists of first

applying the EW solution followed by repeatedly applying

the Node Exchange Algorithm (NEA) or Node Shift

Algorithm (NSA) in order to improve the solution. NEA

improves the solution by exchanging nodes between trees

based on some trade-off criterions. Node Shift Algorithm

(NSA) also improves the solution by shifting nodes to other

trees based on some trade-off criterions (which are

different from those used in NEA). Both NEA and NSA

use the Mean Delay Link Capacity Allocation Algorithm

(MDLCAA) that assigns link capacities in order to satisfy

the mean delay time constraint, and computes the total

cost. Our Least-Cost DC-CMST Heuristic can be rep-

resented as follows:

Algorithm 1. Least-Cost DC-CMST Heuristic
1.
 Find the EW solution
2.
 Phase 1: Execute NEA (call MDLCAA)

If it is impossible to extend for all spanning trees, then

goto 4.

else

Phase 2: Execute NSA (call MDLCAA)
3.
 If node set is changed, goto 2
4.
 Heuristic is terminated.
3.1. Node exchange algorithm (NEA)

NEA improves any intermediate solution (including the

EW solution) by repeatedly exchanging nodes between

node sets starting with the EW solution. Let the node sets

corresponding to two minimum spanning trees be node(-

sub1) and node(sub2), and the link costs be cost(sub1) and

cost(sub2), respectively. Also, if we let the two new

minimum spanning trees obtained by exchanging one

element between the two node sets be sub1 0 and sub2 0, the

corresponding node sets be node(sub1 0) and node(sub2 0)

and the corresponding costs be cost(sub1 0) and cost(sub2 0)

respectively, the difference between two costs can be

expressed by Eq. (10).

sav Z costðsub1ÞCcostðsub2ÞKcostðsub10ÞKcostðsub20Þ

(10)

If sav is positive, solution obtained from the previous

application of NEA can be improved. In order to
maximize sav, we have to apply the Minimum Spanning

Tree (MST) algorithm to each tree in Eq. (10). However,

when the number of trees is large, the required number

of applications of the MST algorithm in each step of Eq.

(10) becomes too large. For a large network, we cannot

obtain the solution within a reasonable amount of time.

We, therefore, define a heuristic trade-off criterion in Eq.

(11), where edge(sub1) is the minimum link cost to the

source node among nodes included in the spanning tree

(sub1) to which node i belongs, i.e. edge(sub1)Z
minimum {dm0}, m2node(sub1), and likewise, edge(-

sub2)Zminimum {dm0}, m2node(sub2).

If sub1ssub2 and
X

m2nodeðsub1Þ

qm Cqj Kqi %MAX and

X
m2nodeðsub2Þ

qm Cqi Kqj%MAX

ksij Z edgeðsub1ÞCedgeðsub2ÞKdij

else

ksij ZKN ð11Þ

sub1Zsub2 implies that nodes i and j belong to the same

spanning tree. Even if nodes are exchanged in this case,

the cost is the same, and hence the trade-off is set to

KN to exclude it from the solution. In the case that

traffic requirements at nodes are different from each

other, the sum of traffic at each tree must be smaller than

the maximum traffic (MAX) even if nodes are exchanged

for the node pair (i,j).

First, NEA calls MDLCAA on node set of each tree

obtained by the EW solution, and then MDLCAA carries

out the most suitable link capacity allocation to satisfy the

mean delay time (Delay) and finds the initial cost

(NEWcost). For the node pair (i,j), i!j, which belong to

the node set of other trees, NEA finds ksij using Eq. (11).

For the node pair (i,j) which belongs to the node set of the

same tree, ksij are set to KN. Starting from the node pair

(i,j) with the maximum positive value of ksij, we obtain two

new tress by exchanging node i for node j. Two new MSTs

are found by applying the MST algorithm [19] to these two

node sets. The MST algorithm is applied to only two node

sets because other node sets already form minimum

spanning trees.

Next, to compute the total cost, we compare the cost

(Dcost) returned from MDLCAA with the existing cost

(NEWcost). If Dcost!NEWcost, NEWcost is substituted for

Dcost and the corresponding ksij is set to KN. Also, we

repeat the above process after computing the ksij matrix

again. Otherwise, the corresponding ksij is set to KN and

we repeat the above process on node pair (i,j) with the

maximum value among the ksij matrix, which is relevant to

former NEWcost. The Node Exchange Algorithm is as

follows.
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Algorithm 2. Node exchange algorithm (NEA)
step 1:
 Obtain node(p) in the EW solution and path(p) by

applying MST algorithm to node(p).
Call MDLCAA on path(p) and obtain Dcost.
Set NEWcost ZDcost.
step 2:
 If node i and j is included in the different node(p),

Compute the trade-off criterion (ksij) for node

pair (i,j) by using Eq. (11).
Otherwise, set ksijZKN.
If all ksij’s are negative, stop.
step 3:
 While there is (i,j) such that ksijO0,

Exchange node (i,j) with the maximum positive

ksij.

Obtain two path(p)’s by applying the MST

algorithm.

Call MDLCAA on the modified path(p)’s and

find Dcost.
step 4:
 If DcostRNEWcost,

Restore node (i,j) to the previous state.

Set ksijZKN and repeat step 3.
Otherwise, set NEWcostZDcost and set ksijZKN
and go to step 2.
3.2. Mean delay link capacity allocation algorithm

(MDLCAA)

The MDLCAA is called during the execution of the node

exchange and shift algorithm. MDLCAA, called in step 1 of

NEA, is carried out on the links belonging to each tree on

the EW solution, but is executed only on the links belonging

to the newly created two trees if node exchange took place.

In order to meet the mean network delay constraint,

MDLCAA first finds the mean arrival rate (lk) on links of

MSTs corresponding to two node sets or all the node sets in

step 1 of NEA, and then assigns link capacities. This is

formulated in Eq. (12).

Minimize Dcost Z
Xn

kZ1

dCkdk

S:T:

1

v

Xn

kZ1

lk

mCk Klk

Z Delay ð12Þ

The optimal solution of Eq. (12) is obtained using the

Lagrange multiplier as shown in Eq. (13).

Ck Z
lk

m
1 C

Pn
jZ1

ffiffiffiffiffiffiffiffiffiffi
dljdj

p
v$Delay

ffiffiffiffiffiffiffiffiffiffiffi
dlkdk

p

" #
(13)

Finally, MDLCAA computes the total cost (Dcost) using

Eq. (4), and returns the result to NEA or NSA. The details of

MDLCAA is given below.
Algorithm 3. Mean delay link capacity allocation algorithm

(MDLCAA)
step 1:
 Compute lk by using the fixed routing.

(Note that all path(p)’s are concerned at the

initial call from NEA

but only two path(p)’s are concerned after the

second call from NEA or NSA.)
step 2:
 Compute the link capacity(Ck) of link k on the

topology by using Eq. (13).
step 3:
 Compute the network cost(Dcost) by using Eq. (4)
step 4:
 Return Dcost to NEA or NSA.
3.3. Node shift algorithm (NSA)

NSA uses information (node sets, link sets, cost, etc.)

obtained in NEA, and improves the solution obtained

from NEA or EW solution by moving a node included in

a node set of a specific tree to a different tree. If the sum

of traffics of all node sets is equal to MAX (or if the

number of nodes is equal to MAX), NSA is not carried

out. Otherwise, trade-offs for node pair (i,j) belonging to

the different trees are computed, and if node j can be

moved to the other tree, node j is moved into node(sub1)

to which node i belongs. Then, node j is deleted from

node(sub2), and the new node set is found. Trade-off

criterions for NSA are defined by Eq. (14).

If sub1ssub2 and
X

m2nodeðsub1Þ

qm Cqj%MAX

msij Z dij Kdmax;

where dmax Z maximum fedgeðsub1Þ; edge ðsub2Þg

else

msij ZN ð14Þ

Under the condition that sub1 is not equal to sub2, if

sum of traffics on the tree, sub1 and traffic of node j is

larger than MAX, the node can not be moved. Then, the

corresponding trade-off, msij is set to N. Otherwise, msij

is set to dijKdmax. Starting from node pair (i,j) with the

least negative msij, we find new node sets by moving j to

the tree inclusive of node i. The procedure of comparing

the existing cost (NEWcost) with the cost (Dcost) returned

from MDLCAA and applying the MST algorithm is

similar to that of NEA. The NSA algorithm is as follows.

Algorithm 4. Node shift algorithm (NSA)
step 1:
 If kcnt(p)ZMAX for all p, stop.
step 2:
 If node i and j are included in the different node(p)

respectively and for loop p containing node i,

kcnt(p)C1 is less than or equal to MAX, Compute

the trade-off criterion (msij) for node pair (i,j) by

using Eq. (14).
Otherwise, set msijZN.
If all msij are positive, stop
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step 3:
 While there is (i,j) such that msij!0,

Move node j to node(p) containing node with the

minimum negative msij.

Obtain two path(p) 0s by applying the MST

algorithm.

Call MDLCAA on the modified two path(p) 0s

and find Dcost.
step 4:
 If DcostRNEWcost,

Restore node (i,j) to the previous state. set msijZ
N and repeat step 3.

set msijZN and repeat step 3.
Otherwise, set NEWcostZDcost and msijZN and

goto step 2.
3.4. Property of the Least-Cost DC-CMST Heuristic

In order to determine various properties (such as memory

and time complexity) of the Least Cost DC-CMST

Heuristic, we present the following Lemmas.

Lemma 1. No cycles are included in the solution by the

Least-Cost DC-CMST Heuristic, and all trees included in

the solution are minimum spanning trees.

Proof. The Least-Cost DC-CMST Heuristic uses node sets

of minimum spanning trees obtained by the EW solution. In

the case that node sets are exchanged or moved, it applies

the minimum spanning tree algorithm to the changed node

sets. Since a minimum spanning tree has no cycles, it is

natural that no cycles are included in the solution of the

Least-Cost DC-CMST Heuristic, resulting in every tree

being a minimum spanning tree.

Lemma 2. All elements of the trade-off matrix in NEA

become negative in a finite number of steps.

Proof. We assume that ksij’s are positive for some (i,j). For

node pair (i,j) with positive ksij, NEA sets ksij to KN after

exchanging node i for node j. In the worst case, if all

node pairs are exchanged with each other, all ksij’s are set to

KN. Since the trade-off matrix has finite number elements,

all elements of the matrix become negative in finite steps.

Lemma 3. Memory complexity of the Least-Cost DC-

CMST Heuristic is O(n2).

Proof. dij, ksij, msij (iZ1,.,n; jZ1,.,n) are stored as two-

dimensional data in memory. Therefore, NEA, NSA, and

MDLCAA have memory complexity of O(n2), respectively.

Since memory complexity of the EW solution is O(n2), the

total memory complexity of the Least-Cost DC-CMST

Heuristic is also O(n2).

Lemma 4. Time complexity of MDLCAA is O(n).

Proof. We apply only MDLCAA of the Least-Cost DC-

CMST Heuristic in order to find the solution that considers

mean delay time using the trees obtained by any CMST

algorithm. Because the MST obtained by any algorithm for

the CMST problem has n links, the maximum number of
links that we must compute in MDLCAA is n. Time

complexity for each expression in MDLCAA is O(1), and

time complexity to get the maximum value of link load is

the same as the number of links. Thus, total execution time

complexity is maximum [O(1), O(n)]ZO(n).

Lemma 5. When MDLCAA is applied to the EW solution,

time complexity is O(n2 log n).

Proof. Because we have to add execution time of MDLCAA

to the execution time of the EW solution, the total

execution time must take the maximum of the two times.

Thus, the total time complexity is maximum [O(n2 log n),

O(n)]ZO(n2 log n).

Lemma 6. Time complexity of the Least-Cost DC-CMST

Heuristic is O(n2 log n) if the number of nodes to be

included in a tree is limited to MAX.

Proof. First, we consider NEA of the Least-Cost DC-CMST

Heuristic. The time complexity of the EW solution is

O(n2 log n). Since the maximum number of links as input to

step 1 is n, and time complexity of MDLCAA is O(n) by

Lemma 4, the complexity of step 1 is O(n). In step 2, ksij’s

are computed for node pair (i,j), i2node(sub1), j2node

(sub2), and the maximum computed number is 1/2(nK
MAX)(nCMAXK1). So, the time complexity is O(n2). In

the worst case, step 3 must carry out MDLCAA and step 2

iteratively until ksij’s are positives. In this case, the

maximum number of iterations for ksijO0 is n2. First,

time complexity for exchanging node i and j with the

maximum positive ksij is O(n2). Since it is enough to apply

the MST algorithm to two changed node sets and time

complexity of MST is O(E log E) [19] (E is the number of

edges, which takes on values MAX and 1/2MAX(MAXC1)

for sparse and complete graphs, respectively), time com-

plexity for finding MST trees is O(n2). MDLCAA is applied

to two changed trees, so the maximum number of links to be

computed in MDLCAA is 2MAX. In the worst case,

MDLCAA can be repeated up to the number of ksij’s. So,

the time complexity is O(n2). After all, time complexity of

step 3 in NEA is maximum [O(n2), O(n2), O(n2)]ZO(n2).

From the above results, time complexity for NEA is

maximum [complexity of step 1, complexity of step 2,

complexity of step 3]Zmaximum [O(n), O(n2), O(n2)]Z
O(n2). Similarly, time complexity for NSA is O(n2).

Therefore, total execution time of the the Least-Cost DC-

CMST HeuristicZEW solution’s execution timeCNEA’s

execution timeCNSA’s execution timeZmaximum

[O(n2 log n), O(n2), O(n2)]ZO(n2log n).
4. Performance evaluation

In this section, we present the performance evaluation of

the proposed heuristic in terms of execution time and total

cost. The performance evaluation was carried out using

several networks defined according to the location of
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the source node. The co-ordinates of nodes were randomly

generated in a square grid of dimension 100!100.

Assuming the co-ordinates of the two nodes as (x1,y1) and

(x2,y2), the distance between the two nodes is given by Eq.

(15).

dij Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 Kx2Þ

2 C ðy1 Ky2Þ
2

q
C0:5

� 
(15)

Based on the location of the source node, the following two

types of tests were considered:
TC test: Test where the source node is at the center, i.e.

(50,50)
Fig. 3. Maximum savings rate (SR) for TE test.
TE test: Test where the source node is at the upper left

edge i.e. (0,0)

The savings rate (SR) is defined by Eq. (16), where A is

the cost obtained by applying MDLCAA to the topology of

the EW solution, and B is the cost of the Least-Cost DC-

CMST Heuristic presented in this paper.

SR Z ðA KBÞ=A!100 (16)

In order to compare running time, we define CPU time

Ratio (CR) as in Eq. (17) where T(EW) is the CPU time of

the EW solution, and T(DC-CMST) is the CPU time

inclusive of the execution time of NEA, NSA, and second

NEA in the Least-Cost DC-CMST Heuristic. The reason for

adding one is to account for the execution time of the EW

solution.

CR Z TðDC-CMSTÞ=TðEWÞC1 (17)
4.1. Computational experience

We assumed that traffic at a node has Poisson distribution

Letting X be an exponential random number and v as the

average traffic rate of network, X can then be expressed as:

X Z
1

v
ln

1

1 KU

� �
(18)
Fig. 2. Maximum savings rate (SR) for TC test.
In Eq. (18), U is a random variable of uniform distribution

within interval [0,1]. Using Eq. (18), n Poisson random

numbers were generated and used as traffic requirements at

nodes. vZ10, 20, 30, 40, 50 and nZ30, 50, 70 were used.

Maximum traffic handled in a tree (MAX) was used from the

maximum value among the Poisson random numbers

generated by the simulation to n/4. TC and TE tests were

executed for each case. The maximum savings rate for TC

and TE tests in 10 runs, using Eqs. (16) and (17), are shown

in Figs. 2 and 3, respectively.

In Figs. 2 and 3, the maximum savings rates (SR) are 4.5

and 5.5% for TC and TE tests, respectively.

The CPU time ratio (CR) for TC and TE tests in 10 runs

using Eq. (17) are represented in Figs. 4 and 5, respectively.

From Figs. 4 and 5, CPU time ratio is 1.4–2.54 and 1.2–2.03

for TC and TE tests, respectively. Thus, the Least-Cost

DC-CMST Heuristic is more efficient for TE test than TC

test in both the savings rate and the CPU time ratio.
4.2. Analysis of results

As can be shown from Figs. 2–5, savings rate and CPU

time ratio of the Least-Cost DC-CMST Heuristic for TE test
Fig. 4. Maximum CPU time ratio (CR) for TC test.



Fig. 5. Maximum CPU time ratio (CR) for TE test.
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are better than those for TC test. Increasing MAX and n have

no effect on the savings rate. From the above results, we can

state that it is difficult to derive the mathematical expression

describing the relationship between the solution and n, and

solution and MAX. In addition, solution of the Least-Cost

DC-CMST Heuristic is affected by locations of the nodes.

Table 1 depicts the comparison of four different

algorithms, including the Least-Cost DC-CMST Heuristic.

It should be noted that the algorithms in [5,8,20] deal only

with the CMST problem which does not consider the

mean delay time constraint. In order to compare

the performance of the four algorithms, we modified the

algorithms in [5,8,20] by applying MDLCAA (used in

the Least-Cost DC-CMST Heuristic) so that they can satisfy

the mean delay constraint required for the solution of the DC-

CMST problem. In the table, modified algorithm [20] can be

applied only when the locations of nodes are given by the

coordinates of plane, and every traffic requirement is one.

Modified algorithm [8] represents the results when every

traffic requirement is one. If the traffic requirements are

different or MAX is not a power of two, the results are inferior

to that of the EW solution. For a complete graph, since the

time complexity of modified algorithm [8] is O(MAXn3), the

computing time increases more sharply than the Least-Cost

DC-CMST Heuristic with a time complexity of O(n2 log n).

It is known that though the Least-Cost DC-CMST

Heuristic can not guarantee an optimal solution, it does
Table 1

Comparison of algorithms

Algorithm Memory

complexity

Time com-

plexity

Savings

rate (SR)

CPU time

ratio (CR)

Modified

algorithm [5]

O(n2) O(n2 log n)

Modified

algorithm [20]

O(n) O(n log n) Worse Same

Modified

algorithm [8]

O(n2) O(n3) 1–5 3–4

Least-Cost DC-

CMST Heuristic

O(n2) O(n2 log n) 1–5 1.5–2
not limit the type of traffic requirements, has a relatively

small time complexity, and considers time delay constraint

affecting quality of service of end users. Hence, the Least-

Cost DC-CMST Heuristic is more suitable for practical

environment than other algorithms.
5. Conclusions

In this paper, we formulated the DC-CMST problem and

presented a heuristic solution for the problem, which has not

been reported in any previous work. The proposed Least-

Cost DC-CMST Heuristic minimizes the total cost to

discover the capacitated spanning tree topology with

additional mean network delay constraint. This heuristic

improves previous solutions through node exchange and

shift between trees based on the trade-off criteria suggested

in this paper. In addition, it allocates link capacities

optimally within a given mean delay. Several properties

about the performance of our algorithm were derived, and

through experiments, it was shown that the proposed

algorithm produces better solutions than those of the

modified previous CMST algorithms to solve the DC-

CMST problem.

Our proposed algorithm can be used by network

designers for the topological design of local networks with

a large number of nodes. It can also be used to discover the

broadcast and multicast trees for real-time multimedia

traffic. Future extension of this work consists of more

efficient heuristic algorithms in terms of memory, time

complexity, and cost.
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